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Abstract
Fusion of the information provided by distributed sensors is important in the future pervasive computing systems. The objective
of this paper is to quantify the relative amount of information delivered by individual sensors in a distributed sensor system.
To formalize our approach, we consider the problem of fusing the statistical information obtained using low-rate sensor
recordings vi ðnÞ in order to ﬁnd the power spectrum of a high-rate random signal xðnÞ. It turns out that this problem is inherently illposed since, in general, low-rate observations are not suﬃcient for specifying a unique solution. We use the Maximum Entropy
principle to resolve this issue. It is known that a complete statistical description of a Gaussian wide-sense stationary process xðnÞ is
provided by its power spectrum. This leads us to a measure of informativity for multirate sensors based on the qualities of the
maximum entropy solution. We study the main properties of the proposed measure and provide computational methods for its
calculation. Finally, we illustrate the concepts and methods discussed in the paper using a detailed simulation example.
Ó 2004 Elsevier B.V. All rights reserved.
Keywords: Multirate systems; Filter banks; Statistical information; Entropy; Multichannel measurement; Multiresolution measurement; Array
processing

1. Introduction
In recent years, the concept of pervasive computing,
where computing is embedded in the environment and
comes about through a large number of small and
unobtrusive sensors, has attracted considerable interest.
Pervasive computing devices communicate with each
other through wired or wireless networks. However, an
integral part of the system is a multi-sensor information
fusion system which allows the system to ‘‘talk’’ to the
user while he or she is moving freely around the oﬃce
space [1]. There are numerous technologies and products
that need to be combined in order for pervasive-computing to become viable. Among these, multi-microphone information fusion technologies that allow robust
speech localization, enhancement, and recognition are
particularly important [2–4].
*
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To assess the reliability and quality of any sensor
fusion system, it is important to know the causal relationship between the sensors’ information and the
resulting fused output in a clear way. In other words, the
relative inﬂuence of the diﬀerent input information
components (from diﬀerent sensors) on the fused result
must be known clearly [5]. This requires a quantitative
measure of information contained in each sensor’s data.
We are going to introduce one such measure in this
paper.
The information measure introduced here (called
statistical information) is important in the sense that it
provides an objective measure of the performance of
individual sensors used in an array. It can be used for
designing and optimizing a large variety of distributed
sensor systems such as microphone arrays, geophone
systems used for geophysical explorations and so on.
Multi-resolution sensor fusion has a great appeal in
optical engineering applications as well [6].
This paper deals with the fusion of multi-sensor
information where the sensors are allowed to sample
and transmit their data at diﬀerent sampling rates. This
is because small and unobtrusive sensing nodes are
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inherently constrained in computation and communication capabilities. Furthermore, price, power consumption, and network data rate limitations might
prohibit individual sensor nodes from transmitting highrate measurement data. Eﬀective fusion of such sensors,
thus, requires multi-rate signal processing techniques
whereby a uniﬁed high-resolution measurement is produced from the low-resolution data communicated by
individual sensor nodes. A basic account of such techniques can be found in the recent paper [7]. In this
paper, we complement the works in [7,8] by introducing
a quantitative measure of information gained by various
sensors in a distributed sensor array.
In modern distributed arrays, the sensors are usually
equipped with a sampling mechanism so that the output
data provided by the array are discrete-time (Fig. 1).
Under mild technical conditions, a discrete-time (sampled-data) sensor array can be considered as a natural
analysis ﬁlter bank whose output data vi ðnÞ are low-rate
components of a non-observable high-rate signal xðnÞ
(Fig. 1(c)). The measurement signals vi ðnÞ have a sampling rate which is lower than that of the desired (but
not available) measurement signal xðnÞ and possibly
diﬀerent from each other. This is modelled by the decimator blocks with down-sampling ratios Ni shown in the
detailed diagram of Fig. 1(c). The linear ﬁlters Hi ðzÞ in
Fig. 1(c) model the analog ﬁlters Hi ðsÞ which, in turn,

model the inherent bandwidth limitations of each sensor.
In this paper, we assume that the aim of measurement
is to specify the statistics of the time series xðnÞ rather
than its actual sample values. The signal xðnÞ is the
original object of measurement buy not available to the
observer. Thus, statistical inference must be performed
indirectly by examining available low-resolution measurement signals vi ðnÞ.
It is well-known that a complete statistical description
of a Gaussian, zero-mean, wide-sense stationary (WSS)
process is provided by its autocorrelation sequence
(ACS) Rx ðkÞ,EfxðnÞxðn þ kÞg or, equivalently, by its
power spectral density (PSD)
1
X
Px ðejx Þ ¼
Rx ðkÞejxk :
k¼1

This is because if we know Px ðejx Þ, we can calculate the
probability density functions that govern the statistical
dependence among any number of samples of xðnÞ.
It is straightforward to calculate the observable signals vi ðnÞ once the signal xðnÞ and the sensors’ model
(i.e. Hi ðzÞ and Ni ) are known. However, the inverse
problem (that is, ﬁnding xðnÞ given vi ðnÞ and the
observers’ model) is not easily tractable. This is mainly
due to the fact that the single-input multi-output linear
system speciﬁed by the multi-rate model in Fig. 1(c) is

Fig. 1. A direct high-sampling-rate measurement (a) is emulated by a collection of low-sampling-rate measurements (b). The relation between the
high-rate signal xðnÞ (which is the object of measurement but not available) and the available low-rate measurements vi ðnÞ can be modelled using a
multi-rate ﬁlter bank as shown in (c).
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not, in general, left-invertible. In other words, the
measurements vi ðnÞ may not be suﬃcient information
for specifying xðnÞ uniquely.
One can now pose questions like these: How much
statistical information about xðnÞ can be gained by
doing statistical experiments on v0 ðnÞ? Which signal,
v0 ðnÞ or v1 ðnÞ, gives more statistical information about
xðnÞ? If we know statistical properties of v0 ðnÞ, how
much more information about xðnÞ will be gained by
doing statistical experiments on v1 ðnÞ?
To answer questions of the type mentioned above, we
need to establish a quantitative measure of statistical
information gained about xðnÞ by statistical experiments
performed on the low-rate measurements vi ðnÞ. The goal
of this paper is to introduce such a measure and study
its properties.
Notation. Vectors are denoted by capital or boldface
lower-case letters. Boldface capital letters are reserved
for matrices. The expected value of a random variable x
is denoted by Efxg. The symbol , is used to indicate
that two quantities are equal by deﬁnition. In diagrams,
solid lines are used to represent analog signals whereas
dotted lines denote discrete-time signals. The symbol I
denotes the linear convolution operator. The binary
relations 6 and P should be interpreted componentwise when applied to vector objects. The end of an
example is marked using the symbol. }

2. Background
A very important concept in statistical inference is the
concept of information and its measures. In the following sections, we introduce the Kullback–Leibler
divergence which is used as a measure of information for
discrimination between two probability density functions. We then show the connection between Kullback–
Leibler divergence and other important measures of
information, namely entropy and mutual information
introduced by Shannon. These measures of information
are then generalized to WSS random processes.
2.1. The Kullback–Leibler divergence
Let p1 ð Þ and p2 ð Þ be two probability density functions (PDFs) deﬁned on C RN . Also, let Hi , i ¼ 1; 2,
be the hypothesis that a certain random variable is from
the statistical population with PDF pi , respectively.
Kullback and Leibler [9] deﬁned the logarithm of the
likelihood ratio ln p1 ðX Þ=p2 ðX Þ as the information in X
for discrimination in favor of H1 against H2 . The mean
value of this information, that is, the mean information
for discrimination in favor of H1 against H2 per observation from the PDF p1 , is called the Kullback–Leibler
divergence of p1 from p2 :

Dðp1 kp2 Þ,

Z
C

p1 ðX Þ ln
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p1 ðX Þ
dX :
p2 ðX Þ

ð1Þ

Note that the base of the logarithm in the above
deﬁnition is not important and only represents the
choice of the unit of measurement.
Example 1. Let p1 and p2 be N -dimensional Gaussian
PDFs with zero mean and covariance matrices C1 and
C2 , respectively. The Kullback–Leibler divergence of
p1 from p2 is given by [10, Chapter 9]
1
1 jC1 j N
ln
 :
Dðp1 kp2 Þ ¼ TrðC1 C1
2 Þ
2
2 jC2 j 2

}

ð2Þ

One can verify that Dðp1 kp2 Þ has the following
properties:
(a) Dðp1 kp2 Þ P 0.
(b) Dðp1 kp2 Þ ¼ 0 if and only if p1 ¼ p2 .
(c) In general, Dðp1 kp2 Þ 6¼ Dðp2 kp1 Þ.
The property ðcÞ prevents Dðp1 kp2 Þ from satisfying
the conditions of a metric. However, it still has a strong
appeal as a measure of distance between probability
density functions [10,11].
2.2. Kullback–Leibler divergence for stochastic processes
The deﬁnition of Kullback–Leibler divergence given
in (1) can be extended to zero-mean Gaussian WSS
stochastic processes. As mentioned earlier, the statistics
of such processes is completely determined by their PSD
function or, equivalently, by their ACS. So, let P1 ðejx Þ
and P2 ðejx Þ represent two hypotheses for the PSD of
a zero-mean Gaussian stochastic process xðnÞ. Now,
deﬁne XN as the vector containing N samples of the
process xðnÞ, that is
T

XN ,½xð0Þ xð1Þ . . . xðN  1Þ :

ð3Þ

Obviously, XN is an N -dimensional Gaussian random
vector with zero mean and an N  N covariance matrix
which is uniquely determined by the PSD of xðnÞ. We
denote by DN the Kullback–Leibler divergence between
the two possible PDFs of XN . From, (2), we can then
write
1
1 jC1 j N
ln
 ;
DN ¼ TrðC1 C1
2 Þ
2
2 jC2 j 2

ð4Þ

where C1 represents the covariance matrix of XN if
P1 ðejx Þ is the true PSD and C2 represents the covariance
matrix of XN for the case that P2 ðejx Þ is true. It turns out
that under mild conditions limN !1 DN exists. This limit,
when it exists, is called the Kullback–Leibler divergence
DðP1 kP2 Þ between the two power spectral densities
P1 ðejx Þ and P2 ðejx Þ.
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Theorem 1 [12, Theorem 10.5.1, 11, Proposition 8.29].
Let P1 ðejx Þ and P2 ðejx Þ be two candidate PSDs for the
zero-mean Gaussian WSS random process xðnÞ. If P1 ðejx Þ
and P2 ðejx Þ are essentially bounded from below, 1 then the
Kullback–Leibler divergence of P1 ðejx Þ from P2 ðejx Þ exists
and is given by

Z p
1
P1 ðejx Þ
P1 ðejx Þ
 1 dx:
ð5Þ
DðP1 kP2 Þ ¼
 ln
4p p P2 ðejx Þ
P2 ðejx Þ
Note that if P1 ðejx Þ and P2 ðejx Þ are rational with no
poles or zeroes on the unit circle, then the conditions of
the above theorem are satisﬁed and DðP1 kP2 Þ exists. The
Kullback–Leibler divergence between PSDs has important distance-like properties which can be used to
introduce certain geometries on the space of PSD
functions. The reader is referred to the excellent
monograph by Amari and Nagaoka [13, Chapter 5]
for an interesting discussion of this topic.
2.3. Entropy rate, mutual information rate, and joint
information rate of WSS random processes
Introductory expositions of the basic concepts of
entropy, mutual information and joint information can be
found in any standard text on information theory, e.g.
[14–16]. For a more detailed exposition, including discussions on existence and interpretations, the reader is
referred to [17]. The concept of entropy for random
variables generalizes to the concept of entropy rate for
WSS stochastic processes. Information theory of WSS
stochastic processes has been studied in detail in Pinsker’s classic work [12]. More recent books containing
readable accounts on information rate include [16–18].
Let xðnÞ be a Gaussian WSS random process with
PSD Px ðejx Þ. The entropy rate of this process is deﬁned
by
1
H ðxðnÞ; xðn þ 1Þ; . . . ; xðn þ N  1ÞÞ:
N !1 N
It can be shown that the above limit exists and is given
by [18, p. 568]
Z p
1
1 1
H ðxÞ ¼ ln 2p þ þ
ln Px ðejx Þ dx:
ð6Þ
2
2 4p p

H ðxÞ, lim

Since H ð Þ is a functional of Px , we will use the notations
H ðxÞ or H ðPx Þ interchangeably for the entropy rate
of a Gaussian WSS random process x. Now, let
T

SðnÞ ¼ ½x0 ðnÞ x1 ðnÞ . . . xM1 ðnÞ

be an M-dimensional Gaussian jointly wide sense stationary (JWSS) random process. The entropy rate H ðSÞ
of SðnÞ is deﬁned by a straightforward generalization of

the deﬁnition used for the scalar case. One can show that
[19, p. 45]
Z p
M
M
1
ln 2p þ þ
ln det PS ðejx Þ dx;
ð7Þ
H ðSÞ ¼
2
2 4p p
where PS ðejx Þ represents the power spectral density
matrix corresponding to the vector process SðnÞ. 2 By
deﬁnition, the quantity H ðSÞ is considered the joint
information
rate
of
the
scalar
processes
x0 ðnÞ; x1 ðnÞ; . . . ; xM1 ðnÞ that constitute SðnÞ. Finally, to
deﬁne the mutual information rate Rðx0 ; x1 ; . . . ; xM1 Þ
among scalar processes x0 ðnÞ; . . . ; xM1 ðnÞ, we consider
them as constituting a vector process SðnÞ and write
Rðx0 ; x1 ; . . . ; xM1 Þ,

jx

This is to say, there is a positive constant  such that P1 ðe Þ and
P2 ðejx Þ are both greater than  for almost all x.

H ðxi Þ  H ðSÞ:

ð8Þ

i¼0

It can be shown that mutual information rate is a
non-negative quantity and is zero only when the processes xi ðnÞ are mutually independent. For convenience,
we may also use the short-hand notation RðSÞ for
Rðx0 ; x1 ; . . . ; xM1 Þ when it is clear that x0 to xM1 are
components of the vector process SðnÞ.

3. Information gained by low-rate sensor observations
Assume that xðnÞ (the desired but unavailable highrate measurement signal in Fig. 1) is a zero-mean,
Gaussian WSS process. We deﬁne ‘‘complete information’’ and ‘‘complete ignorance’’ as two extreme states of
knowledge with regards to the statistics of xðnÞ. Naturally, we assign the information value zero to complete
ignorance and reserve a positive value IðxÞ for complete
information.
Deﬁnition 1 (Complete ignorance). We say that the state
of our knowledge regarding the statistics of xðnÞ is
‘‘complete ignorance’’ if all we know about the statistics
of xðnÞ is its variance r2x ,EfxðnÞ2 g. Furthermore, we
assign the value zero to the quantity of information
associated with this state of knowledge.
Without losing generality we assume that the
(known) value for the high-rate signal’s variance is one,
i.e. r2x ¼ 1.
Remark 1. The majority of measures of information
(including entropy and the Kullback–Leibler divergence) are not invariant with respect to changes of scale.
In other words, these measures depend on the unit of
measurement used for the signal’s amplitude. The

2

1

M
1
X

Power spectral density matrix is the generalization of the concept
of power spectral density to multi-dimensional stochastic processes.
See, for example, [19, Deﬁnition 3.5].

O.S. Jahromi et al. / Information Fusion 5 (2004) 119–129

assumption that the input signal’s variance is known
is necessary to avoid the ambiguity caused by the
scale-dependence of information measures.
Based on the principle of Maximum Entropy (which
will be discussed later in Section 4.2), we assume, in the
state of complete ignorance, that the power spectrum of
xðnÞ is a white (constant) spectrum with unit variance. In
other words, in the state of complete ignorance we
choose Px ¼ P x where
P x ðejx Þ,1;

x 2 ½p; p:

ð9Þ

Deﬁnition 2 (Complete information). We say that the
state of our knowledge regarding the statistics of xðnÞ is
‘‘complete information’’ if we know Px ðejx Þ exactly.
Furthermore, the amount of information associated
with this state of knowledge is given by
IðxÞ,DðPx kP x Þ;

ð10Þ

where DðPx kP x Þ represents the Kullback–Leibler divergence of Px from P x and P x is the white power spectrum
deﬁned in (9).
Recall from Section 2.3 that the entropy rate H ðxÞ
of a Gaussian WSS random process xðnÞ is given by
Z p
1
1 1
ln Px ðejx Þ dx;
ð11Þ
H ðxÞ ¼ ln 2p þ þ
2
2 4p p
and that DðP2 kP1 Þ is given by

Z p
1
P2 ðejx Þ
P2 ðejx Þ

1
dx:
DðP2 kP1 Þ ¼

ln
4p p P1 ðejx Þ
P1 ðejx Þ

ð12Þ

It follows from (9)–(12) that
H ðxÞ þ IðxÞ ¼ c;
c, 12 ln 2p
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Now, let Q denote the set of PSDs with unit variance
and let Sði;NÞ denote the set of all PSDs which are
consistent with N autocorrelation coeﬃcients measured
from the signals v0 ðnÞ to vi ðnÞ. In Section 4, we will
develop a Maximum Entropy inference method to estimate Px ðejx Þ based on low-rate statistical experiments.
By a statistical experiment on vi ðnÞ we mean measuring
ði;N Þ
its ACS Rvi ðkÞ for k 2 f0; 1; . . . ; N  1g. Let Px ðejx Þ
denote the unique Maximum Entropy estimate of
Px ðejx Þ which is in the constraint set Sði;N Þ \ Q.
Deﬁnition 3 (Information content of low-rate measurements). The statistical information contained in v0 ðnÞ to
vi ðnÞ about xðnÞ is given by
Iðv0 ; . . . ; vi Þ, lim DðPxði;N Þ kP x Þ:

ð14Þ

N !1

In words, Iðv0 ; . . . ; vi Þ measures the amount of statistical information about xðnÞ that one can gain by
performing statistical experiments on v0 ðnÞ to vi ðnÞ.
Lemma 1. The limit used in Definition 3 exists.
Proof. It follows from the deﬁnition of Sði;N Þ that
ðSði;N þ1Þ \ QÞ

ðSði;N Þ \ QÞ:

ð15Þ
jx

ði;N Þ

\ QÞ for all
Also, it is obvious that Px ðe Þ 2 ðS
values of i and N . Now, let Pxði;N Þ ðejx Þ and Pxði;N þ1Þ ðejx Þ
represent the Maximum Entropy estimates corresponding to the constraint sets ðSði;N Þ \ QÞ and ðSði;N þ1Þ \ QÞ,
respectively. It follows from this fact and (15) that
H ðPxði;N Þ ðejx ÞÞ P H ðPxði;N þ1Þ ðejx ÞÞ P H ðPx ðejx ÞÞ:

ð16Þ

Using (9), (11) and (12) we can then write
ð13Þ

1
2

where
þ is a constant. The statistical information IðxÞ is always positive or zero while H ðxÞ can
become negative or even, for a non-regular random
process, 1. This is shown graphically in Fig. 2.

DðPxði;N Þ kP x Þ 6 DðPxði;N þ1Þ kP x Þ 6 DðPx kP x Þ:

ð17Þ

The above relation shows that the sequence
ði;N Þ
DðPx kP x Þ is bounded from above and also nondecreasing in N . Thus, it has a limit. h
The above deﬁnition allows us to measure quantitatively the statistical information provided by one or a
multitude of low-rate measurements. The following
lemma shows that the information content of low-rate
measurements increases (or in the worst case remains
constant) as we include more channels. It also indicates
that the information provided by multi-rate measurements cannot exceed that of the original signal.
Lemma 2. If i P j then
Iðv0 ; . . . ; vj Þ 6 Iðv0 ; . . . ; vi Þ 6 IðxÞ:

Fig. 2. Statistical information IðxÞ and entropy rate H ðxÞ of a Gaussian
WSS random process xðnÞ add up to a constant if the variance of xðnÞ
is held ﬁxed.

ð18Þ

Proof. Using a procedure similar to the one used in the
proof of the above lemma, one can show that
H ðPxði;N Þ ðejx ÞÞ P H ðPxðiþ1;N Þ ðejx ÞÞ P H ðPx ðejx ÞÞ;

ð19Þ
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and then proceed to
DðPxði;N Þ kP x Þ 6 DðPxðiþ1;N Þ kPx Þ 6 DðPx kP x Þ

ð20Þ

from which the asserted inequality follows in the limiting case when N ! 1. h
It follows from the above lemma that, as we include
more channels in our multi-rate measurement system,
we can expect to gain more information. However, the
total amount of information will eventually saturate to a
limiting value below IðxÞ which represents the ‘‘complete
information’’ needed to specify statistics of xðnÞ. This is
shown graphically in Fig. 3.
One should note, nonetheless, that the saturation of
Iðv0 ; . . . ; vi Þ as i increases does not mean that the new
channels contribute a small amount of information. It
means that the new channels contribute a small amount
of additional information. In other words, the information provided by the new channels becomes more and
more redundant as the number of channels increases.
This observation motivates deﬁning a quantitative
measure for the redundancy of the statistical information
provided by a multitude of low-rate signals.
To deﬁne redundancy, we ﬁrst need to deﬁne the
information content of a single low-rate signal vi ðnÞ.
This can be done similar to what we did for multiple
measurements before. Namely, we let Q, as before, denote the set of PSDs with unit variance. We use the
notation f
S ði;N Þ to denote the set of all PSDs which are
consistent with N ACS values measured from the signal
vi ðnÞ. We then deﬁne Pexði;N Þ ðejx Þ as the estimate of Px ðejx Þ
provided by the MEIE from the constraint
set f
S ði;N Þ \ Q. The deﬁnition of the information content
of the ith channel––independent of any other channels––
is then made as follows.
Deﬁnition 4 (Information content of a single measurement
signal). The statistical information contained in the
signal vi ðnÞ about xðnÞ is given by


Iðvi Þ, lim D Pexði;N Þ kP x :
ð21Þ
N !1

By using the above deﬁnition, the deﬁnition of
redundancy follows naturally.
Deﬁnition 5 (Redundancy). The redundancy Rðv0 ; . . . ; vi Þ
of the statistical information contained in v0 ðnÞ to vi ðnÞ
about xðnÞ is given by
Rðv0 ; . . . ; vi Þ,

i
X

Iðvk Þ  Iðv0 ; . . . ; vi Þ:

ð22Þ

k¼0

The reader should easily notice the similarity between
the deﬁnition of redundancy here and the classical definition of ‘‘mutual information rate’’ in information
theory (Section 2.3).

4. Spectrum estimation using low-resolution sensor data
In this section we discuss in some detail the problem
of estimating the power spectral density of xðnÞ using
statistics of the low-rate observable signals vi ðnÞ. Our
analysis leads to an algorithm called the Maximum Entropy Inference Engine, or MEIE for short. MEIE accepts a ﬁnite number of autocorrelation coeﬃcients
(measured or somehow known) for vi ðnÞ and produces a
ði;N Þ
unique estimate Px ðejx Þ for the PSD of xðnÞ. The
estimates provided by the MEIE are then used in the
formulae developed in the previous section to measure
the amount of information provided by the low-rate
measurements vi ðnÞ.
4.1. Formulating the estimation problem
Consider the setup shown in Fig. 1(c) and recall that
xðnÞ is assumed to be a WSS random process. It is
straightforward to show that the low-resolution observations v0 ðnÞ to vM1 ðnÞ in Fig. 1(c) are also WSS processes [20]. The ACS values for these signals are given by
Rvi ðkÞ ¼ Rxi ðNi kÞ;

ð23Þ

where
Rxi ðkÞ,ðhi ðkÞIhi ðkÞÞIRx ðkÞ

ð24Þ

and hi ðkÞ denotes the impulse response of Hi ðzÞ. One can
express Rvi ðkÞ as a function of Px ðejx Þ as well. Let us
deﬁne Gi ðzÞ,Hi ðzÞHi ðz1 Þ. Now, (24) can be written as
Z p
1
Px ðejx ÞGi ðejx Þejkx dx:
ð25Þ
Rxi ðkÞ ¼
2p p
From (23) and (25), we can then write
Z p
1
Rvi ðkÞ ¼
Px ðejx ÞGi ðejx ÞejNi kx dx:
2p p
Fig. 3. A typical plot depicting the amount of statistical information
Iðv0 ; . . . ; vi Þ as the number of channels (i.e. i þ 1) is increased.

ð26Þ

Similar to Section 3, we use the notation f
S ði;N Þ to
denote the set of all input PSDs which are consistent
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with the N autocorrelation values obtained from the
signal vi ðnÞ. More precisely, we deﬁne
Rp
9
8
1
P ðejx ÞGi ðejx ÞejNi kx dx >
>
2p p x
>
>
=
<
¼ Rvi ðkÞ; 0 6 k 6 N  1;
ði;N Þ
jx
f
: ð27Þ
S
, Px ðe Þ :
1
>
>
Px ðejx Þ 2 L ðp; pÞ;
>
>
;
:
Px ðejx Þ P 0

Now, according to the ME principle, we may seek
a solution for Problem 1 by solving the following
constrained optimization problem.

We deﬁne Sði;N Þ as in Section 3 as well. That is, Sði;N Þ is
the set of all input PSDs consistent with autocorrelation values known for multiple low-rate signals v0 ðnÞ
to vi ðnÞ:

4.3. Solving the estimation problem

S

ði;N Þ

,

i
\

fðj;N Þ
S

:

ð28Þ

j¼0

Now consider the following problem.
Problem 1. Estimate Px ðejx Þ given that Px ðejx Þ 2 Sði;N Þ .
In other words, estimate Px ðejx Þ knowing a ﬁnite number
of the autocorrelation coeﬃcients Rvi ðkÞ associated with
the low-rate measurements vi ðnÞ.
In general, knowing Rvi ðkÞ for some limited values of i
and k is not suﬃcient for characterizing Px ðejx Þ uniquely.
That is, given a ﬁnite set of ACS values Rvi ðkÞ there
usually exist inﬁnitely many Px ðejx Þ which can generate
those values. Thus, the spectrum estimation problem
mentioned-above is ill-posed.
4.2. The maximum entropy principle
The Maximum Entropy (ME) principle, introduced
in 1957 by Jaynes in the ﬁeld of thermodynamics, provides an elegant way for dealing with a wide class of
statistical ill-posed problems [21,22]. According to this
principle, one should choose the most random solution
that satisﬁes the known constraints. For the case of
Problem 1, the ME principle asserts that Px ðejx Þ should
be chosen such that (i) it is consistent with the known
ACS values Rvi ðkÞ, and (ii) it associates with the most
random signal xðnÞ.
Applying the ME principal to spectral estimation is
credited to Burg [23] who used Jaynes’ ME principle to
estimate PSD of random signals given a limited number
of their autocorrelation coeﬃcients. Here, we will use
the ME principle in a way similar to the way Burg did.
However, Problem 1 is more challenging than the
standard autocorrelation extrapolation problem considered by him.
Recall from Section 2.3 that the notion of entropy of
a scalar random variable translates to the notion of
entropy rate for WSS random signals. Recall, also, that
xðnÞ is assumed to be Gaussian. Thus, the entropy rate
of xðnÞ is given by
Z p
1
1 1
H ðPx Þ ¼ ln 2p þ þ
ln Px ðejx Þ dx:
ð29Þ
2
2 4p p

Problem 2 (ME interpretation of Problem 1 ). Find
Pxði;N Þ ðejx Þ ¼ arg max H ðPx Þ subject to Px 2 Sði;N Þ .

It has been shown in [8] that the solution to Problem
2, when it exists, is given by
Pxði;N Þ ðejx Þ ¼ Pi1

j¼0

1
Gj ðejx ÞFj ðejNj x Þ

;

ð30Þ

PN 1
where Fj ðzÞ, k¼ðN 1Þ 2kjk zk . The coeﬃcients kjk of the
transfer functions Fj ðzÞ in (30) are speciﬁed such that
Z p
1
Gl ðejx ÞejNl kx
dx ¼ Rvl ðkÞ
ð31Þ
Pi1
2p p j¼0 Gj ðejx ÞFj ðejNj x Þ
holds for all values
k ¼ 0; 1; . . . ; N  1.

of

l ¼ 0; 1; . . . ; i  1

and

Remark 2. The notation N denoting the number of ACS
values measured per signal should not be confused with
Nj which denotes the down-sampling ratio of each
channel. Also, j as anp
index
ﬃﬃﬃﬃﬃﬃﬃ should not be confused with
j in ejx which means 1.
In general, maximizing the entropy functional (29)
subject to equality constraints is a ‘‘partially-ﬁnite programing problem’’ in L1 . The reader is referred to [24]
for an analysis of the problem of existence of a ME
solution in the general case. Here, we provide speciﬁc
existence results that cover the particular case stated in
Problem 2.
A set of given ACS values fRvj ðkÞ j j ¼ 0; 1; . . . ; i  1;
k ¼ 0; 1; . . . ; N  1g associated with low-rate signals
v0 ðnÞ, v1 ðnÞ; . . . ; vi ðnÞ is called admissible if the set Sði;N Þ
(speciﬁed by these values through (27) and (28)) is nonempty. Using this deﬁnition, a suﬃcient condition for
the existence of ME solution can be given as follows.
Lemma 3 [8]. A solution of the form (30) exists for
Problem 2 if
(i) The set of given ACS values is admissible;
(ii) the transfer functions Gi ðejx Þ are bounded for
x 2 ðp; pÞ.

Lemma 4 [8]. When a solution of the form (30) exists, it
is unique.
4.4. Practical and computational issues
A practical computational algorithm which calculates
the ME solution given by (30) and (31) is provided in [8].
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This algorithm, called the Maximum Entropy Inference
Engine (MEIE), accepts Hj ðzÞ, Nj and Rvj ðkÞ as the
ði;NÞ
input, and produces an estimate Px ðejx Þ of the form
(30) which satisﬁes (31) in the least-mean-square sense
(Fig. 4).

Frequency response of the analysis filters.
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Fig. 5. Frequency response of the equivalent digital ﬁlters used in the
simulation example.

It is not possible to feed an inﬁnite number of ACS
values to the MEIE. Thus, it is not possible, in practice,
ði;NÞ
to calculate Px ðejx Þ or Pexði;N Þ ðejx Þ when N ! 1. For
this reason, we have to limit ourselves to a ﬁnite number
ði;4Þ
of ACS values per channel and use, say, Px ðejx Þ as an

2

2

1.8

1.8

Power spectral density of x(n).

PSD of the input signal.

Fig. 4. MEIE is an algorithm that calculates an approximation to the
ME estimate of Px ðejx Þ given autocorrelation coeﬃcients of the lowrate observations.
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Fig. 6. (a) Actual power spectral density of the non-observable reference signal xðnÞ. The plots (b)–(d) show the PSD estimates Pexði;4Þ ðejx Þ obtained
using N-MEIE for individual channels of the 3-channel low-resolution measurement system. The plot in (b) shows the estimate obtained using
Channel 1; (c) shows the result obtained using Channel 2 and (d) shows the result obtained using Channel 3.
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approximation to Px ðejx Þ in our information formulae.
Another practical diﬃculty in calculating the information formulae of Section 3 is that we have to force the
MEIE to output a PSD with unit variance. That is, we
have to make sure the solutions are in Sði;NÞ \ Q. This
can be done by modifying the basic MEIE algorithm
such that it considers the input variance as an additional
constraint. The MEIE, however, cannot satisfy the
constraints exactly which means that the solution provided by it is approximately a unit variance solution. To
make the variance of the solutions as close as possible to
one, we programmed a modiﬁed MEIE which emphasizes the variance constraint 10 times more than the
constraints imposed by the measured ACS values. We
call this modiﬁed algorithm the Normalized Maximum
Entropy Inference Engine, or N-MEIE for short.

Assume that the down-sampling rate is equal to four for
all channels (N0 ¼ N1 ¼ N2 ¼ 4). Thus, each sensor
works at only 25% of the sampling rate required to
measure the signal xðnÞ perfectly. Assume, also, that the
equivalent digital ﬁlters H0 ðzÞ, H1 ðzÞ and H2 ðzÞ are given
as follows:
H0 ðzÞ

H1 ðzÞ

H2 ðzÞ
¼

3

Actual
Estimated

1
0.8
0.6
0.4

Actual
Estimated

2.5

Power spectral density of x(n).

Power spectral density of x(n).

1.2

0:19310:4226z1 þ0:3668z2 0:0974z3 0:0405z4
:
1:0000þ0:2814z1 þ0:3739z2 þ0:0345z30:0196z4

The frequency response jHi ðejx Þj for these ﬁlters is
shown in Fig. 5. The reference signal xðnÞ is chosen to be
a Gaussian WSS process whose PSD Px ðejx Þ is shown in
Fig. 6(a). In this example, we use Pexði;4Þ ðejx Þ and
ði;4Þ
Px ðejx Þ as an approximation to Pexði;1Þ ðejx Þ and

2

1.4

0:4652  0:1254z1 0:3151z2 þ 0:0975z3  0:0259z4
;
1:0000  0:6855z1 þ0:3297z2  0:0309z3 þ 0:0032z4

¼

Consider a 3-channel multi-rate measurement system
in a structure similar to the one shown in Fig. 1(c).

1.6

0:0753þ0:1656z1 þ0:2053z2 þ0:1659z3 þ0:0751z4
;
1:00000:8877z1 þ0:6738z2 0:1206z3 þ0:0225z4

¼

5. A simulation example

1.8
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Fig. 7. Power spectral densities Pxði;4Þ ðejx Þ estimated by N-MEIE by combining the low-resolution data provided by individual channels of the
measurement system: (a) Channels 1 and 2, (b) Channels 1 and 3, (c) Channels 2 and 3 and (d) Channels 1, 2 and 3. Note that the scale in plots (b)
and (c) has changed to accommodate the overshoots that exist in the estimated PSDs.
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Px ðejx Þ in the information formulae (14), (21) and
(22). The PSDs estimated by the N-MEIE using the data
provided by each channel of the analysis system described above are shown in Fig. 6. Fig. 7 shows the
PSDs estimated by the N-MEIE using the channels of
this analysis system combined together. Given these
estimates, one can easily calculate the quantity of
information provided by each channel and the quantity
of information provided by various combinations of the
channels. These values, along with the value IðxÞ corresponding to complete statistical information about
xðnÞ are plotted in Fig. 8. As can be seen in these plots,
the collective quantity of information provided the
measurement system increases as we include new channels but there exists a considerable amount of redundancy as well (Fig. 8(d)).

estimates obtained for xðnÞ using the ME principle. It is
illuminating, at this point, to recall the classical notion
of ‘‘mutual information’’ and see how it compares to
our deﬁnition of statistical information.
Let X 2 RN be a continuous random variable with
PDF pX ðX Þ and let Y 2 RM , M < N , be a non-invertible
function of X so that the conditional density function
pX j Y ðX j Y Þ exists. Then, the (average) information
contained in Y about X is deﬁned as the mutual information between X and Y , which, in turn, can be written
as the diﬀerence between the entropy of X and the
conditional entropy of X given Y [25, Eq. 2.2.17]. In
other words, in classical information theory the ‘‘information contained in Y about X ’’ is quantiﬁed by
RðX ; Y Þ ¼ H ðX Þ  H ðX j Y Þ.
It is easy, using Eqs. (9)–(13), to show that
ði;N Þ
limN !1 DðPx kP x Þ used in Deﬁnition 3 can be written
ði;N Þ
as H ðP x Þ  limN !1 H ðPx Þ. Thus, Iðv0 ; . . . ; vi Þ is similar to mutual information in the sense that it too measures the reduction in entropy of a random variable after
a related variable is observed.
There is, however, an important conceptual diﬀerence
between mutual information and the quantity measured
by Iðv0 ; . . . ; vi Þ: The PDFs used in the classical formula

6. Concluding remarks
In this paper, we introduced a quantitative measure
for the statistical information provided by multi-rate
sensor arrays. Basically, we identiﬁed statistical information with the reduction in entropy of the unique PSD
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Fig. 8. Statistical information contained in certain combinations of the channels: (a) Channels 1, 1, 2 and 1, 2, 3; (b) Channels 2, 2, 3 and 2, 3, 1; (c)
Channels 3, 3, 1 and 3, 1, 2 and (d) a symbolic (Venn) diagram showing the quantity of information provided by each channel and the redundancy
among the channels. The ﬁgures in this diagram are approximate. Furthermore, it is deliberately drawn out of scale for clarity.
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H ðX Þ  H ðX j Y Þ are ‘‘actual’’ while the PSDs used in
Deﬁnition 3 are ‘‘inferred’’. Recall that there is no
deductive way to specify these PSDs even after doing
statistical experiments on the low-rate signals.
Finally, we point out some aspects of our deﬁnition
of statistical information that deem further attention
and may be investigated in future research.
1. (Cross-correlations are ignored.) The PSD estimates
ði;N Þ
Px ðejx Þ provided by the MEIE are based on the
autocorrelation coeﬃcients of the low-rate signals.
Thus, any potential information contained in the
cross-correlation among the low-rate measurements
is ignored.
2. (Entropy rate vs. statistical information.) The notion
of ‘‘statistical information’’ deﬁned in this paper is
not the same as ‘‘entropy rate’’ of vi ðnÞ. This is because Iðv0 ; . . . ; vi Þ depends both on the signals’ statistics and on the characteristics of the measurement
system, but this is not the case for H ðv0 ; . . . ; vi Þ.
Nonetheless, there are certainly connections between
the mutual information rate of the low-rate signals
vi ðnÞ and their ‘‘redundancy’’ Rðv0 ; . . . ; vi Þ deﬁned in
Section 3. Investigating relations of this type is an
open topic.
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