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Abstract

This article considers merging the statistical information gained in low-rate measurements of a non-
observable high-rate signal. We consider a model where a wide-sense stationary random signal z(n) is
being observed indirectly using several linear multirate sensors. Each sensor outputs a measurement signal
v;(n) whose sampling rate is only a fraction of the sampling rate assumed for the original signal. We pose
the following problem: Given certain autocorrelation coefficients of the observable signals v;(n), estimate
the power spectral density of the original signal z(n).

It turns out that this problem is ill-posed. We suggest to resolve this issue by using the principle of
Maximum Entropy. We address technical difficulties associated with the Maximum Entropy solution and
then devise a practical algorithm for its approximate computation. We demonstrate the viability of this

algorithm through simulation examples.

I. INTRODUCTION

Spectral estimation is concerned with determining the distribution in frequency of the power of a random
process. Questions such as “Does most of the power of the signal reside at low or high frequencies?”
or “Are there resonance peaks in the spectrum?” are often answered as a result of a spectral analysis.
Spectral analysis finds frequent and extensive use in many areas of physical sciences. Examples abound in
oceanography, electrical engineering, geophysics, astronomy and hydrology.

Let 2(n) denote a zero-mean Gaussian wide-sense stationary (WSS) random process. It is well-known

that a complete statistical description of such a process is provided by its autocorrelation sequence (ACS)
Ry(k) 2 E{z(n)z(n + k)}

or, equivalently, by its power spectral density (PSD)

(e}

P(e) = Y Rau(k)e 7%

k=—00
The autocorrelation sequence is a time-domain description of the second order statistics of a random process.
The power spectral density provides a frequency domain description of the same statistics.

An issue of practical importance is how to estimate the power spectral density of a time series given a
finite-length data record. This is not a trivial problem as reflected in a bewildering array of power spectrum
estimation procedures, with each procedure claimed to have or show some optimum property!. The reader

is referred to the excellent texts [3], [4], [5] and [6] for analysis of emperical spectrum estimation methods.

1The controversy is rooted in the fact that power spectral density is a probabilistic quantity and probabilistic quantities cannot be



In this paper, we are interested in estimating the power spectral density of a WSS random signal when
the signal itself is not available but some low-resolution (low-sampling-rate) signals derived from it are
observable (Fig. 1). This situation may arise in many practical applications, for instance, in photonics where
it is expensive or even impossible to build a measurement sensor with high enough sampling rate [7]. Other
potential areas of application are radar, non-uniform phased-array antenna, remote sensing and diversity
wireless receivers.

This paper is organized as follows. The problem of multirate spectrum estimation is introduced and for-
mulated in Section II. Section 111 introduces the Maximum Entropy method and describes its application to
the problem of multirate spectral estimation. Section IV illuminates the geometry of the Maximum Entropy
formulation through the use of operator theory notation and analogous examples in the Euclidean space.
Section V is devoted to calculating the Maximum Entropy solution. EXistence, uniqueness and stability
properties of the Maximum Entropy solution are studied in Section VI. Computational issues associated
with the Maximum Entropy solution are addressed in Section VII. Specifically, a practical algorithm called
the Maximum Entropy Inference Engine is devised for computing an approximate solution. The perfor-
mance of this algorithm is demonstrated by presenting two simulated examples in Section VIII. The paper
ends with the concluding remarks in Section 1X.

Notation: Vectors are denoted by capital letters. Boldface capital letters are used for matrices. Elements of
a matrix A are referred to as [A];;. We denote the set of real M-tuples by R and use the notation R, for
positive real numbers. The linear convolution operator is denoted by x. The spaces of Lebesgue-measurable

functions are represented by L' (a, b), L?(a, b), etc. The end of an example is indicated using the symbol <.

Il. FORMULATING THE PROBLEM

Consider the setup shown in Fig. 1. This setup models a multirate observer or multirate sensor system
which outputs low-rate observations or measurements v;(n) of a non-observable signal z(n). The linear
filters in Fig. 1 model the bandwidth limitations of each sensor. Each filter is followed by a down-sampler
device which models the (possible) difference in sampling rate among the sensors.

It is straightforward (e.g., [8]) to show that the observations vy(n) to vas—1(n) in Fig. 1 are also WSS
processes whose ACS are given by

Ry, (k) = Ry, (Nik) 1)

constructed using finite-size sample records. Indeed, neither the axiomatic theory [1] nor the frequency theory [2] of probability

specify a constructive way for building probability measures from empirical samples.
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Fig. 1. An M-channel multirate observer system.

where

Ry, (k) = (hi(k) % hi(=k)) x Ra(k), (2)

and h;(k) denotes the impulse response of H;(z). We can express R,, (k) as a function of the input PSD as
well. Let’s define G;(z) 2 H;(2)H;(z~1). Now, (2) can be written as

Ra. (k) = % / " P ()G (%) du. ®)

—Tr

From (1) and (3), we can then write

Ro. (k) = — / " P ()G (7)) N )

=5 B
Thus, knowledge of P,.(e?) uniquely specifies R,, (k) for all values of i and k.

One might apply standard statistical methods and estimate some autocorrelation coefficients of the ob-
servable low-rate signals. Inferring statistics of the non-observable original signal is associated with the

following inverse problem:

Problem 1 (Estimating P, (e’*) given statistics of v;(n)) Let a set of numbers {p;(k), 0 < i < M —
1, 0 < k < L—1} be given. Knowing that these numbers are autocorrelation coefficients of the observable
signals, estimate the power spectral density of the input signal. In other words, find P,(e/*) given that

Ry, (k) = pi(k)fori=0,....M —1and k=0,1,...,L — 1.

It is easy to observe that, in general, knowing R, (k) for some limited values of 7 and & is not sufficient
for characterizing P, (e’“) uniquely. That is, given a finite set of ACS values R,, (k) there usually exist

infinitely many B (e7*) which can generate those values. Thus, Problem 1 is an ill-posed problem?.

2 problem of mathematical physics is called well-posed (more precisely, well-posed in the sense of Hadamard) if i) for all

4



I1l. THE MAXIMUM ENTROPY PRINCIPLE

In any application of probability theory to the problems of science one meets the question of how to
assess the probability of the occurrence of some event or the validity of a certain hypothesis. Although the
mathematical formalism of probability theory serves as a powerful tool for addressing such problems, it
cannot by itself answer this question. In fact, the formalism necessarily remains silent on this issue since
its goal is only to provide theorems valid for all probability assignments allowed by its axioms. Recourse is
thus necessary to an additional inference rule which tells us in which case one ought to assign which values
to probabilities.

The Maximum Entropy (ME) principle, introduced in 1957 by E. T. Jaynes in the field of thermodynamics,
provides an elegant way for resolving a wide class of statistical ill-posed problems [11], [12]. According to
this principle, one should choose the most random solution that satisfies the known constraints. For the case
of Problem 1, the ME principle asserts that P,.(e/*) should be chosen such that (i) it is consistent with the
known ACS values R, (k), and (i) it associates with the most random input signal®.

Applying the ME principle to spectral estimation is credited to J. P. Burg [17] who used it to estimate PSD
of random signals given a limited number of their autocorrelation coefficients. Burg’s solution is equivalent
to an extrapolation of the autocorrelation function of the available time series which maximizes the entropy
of the process. Here, we use the ME principle in a way similar to the way Burg did. However, Problem 1 is
more complex than the standard autocorrelation extrapolation problem.

In the ME literature [12], [18], randomness is usually quantified using Shannon’s entropy. The notion
of entropy defined by Shannon for a scalar random variable is generalized to the notion of entropy rate for

WSS random processes. If z(n) is a Gaussian WSS process, its entropy rate is given by [19]

™

1 11 ,
H(P)=-In2r+ -+ — [ InP,(eY)dw. )
2 2 " dAm ).

By definition, any WSS process x(n) has finite power, that is, E{#(n)} < oo. This implies that P,.(e/*)

admissible data it has a solution, ii) the solution is unique and iii) the solution depends on the data continuously. Otherwise, the
problem is considered ill-posed. For a detailed analysis of ill-posed problems and the corresponding rgularization methods see,

e.g., [9] or [10].
3A thorough analysis of the pros and cons of the Maximum Entropy principle as the just rule of assigning probabilities is beyond

the scope of this paper. For our purpose, it suffices to emphasize that this principle, as used in the context of resolving Problem 1, is
not a physical principle in the proper sense, but should be interpreted as a guideline for statistical inference. The reader is referred to
the excellent papers by Jaynes [11], [12], Csiszar [13], [14] and Uffink [15], [16] where the authors analyze the Maximum Entropy

principle from opposing viewpoints.



is a (real-valued, even and non-negative) function in L (—m, 7). Thus, the set of all power spectral density

functions is a subset of
ME [Py(e®): Py e LY (=7, 7), Py(e??) = Py(e79%), Py(e?) > 0}, (6)

We denote by S, the set of all input PSDs which are consistent with the autocorrelation values obtained from

the signal v;(n). That is

o S Pu(€7°)Gi(e)e Nt dw = pi(k), 0 <k < L —1;
Px(ej“’) : ) @)
P.(e7“) e M

We also define Q, as the set of all input PSDs consistent with autocorrelation values known for multiple

low-rate signals vg(n) to v;(n):

Q; = ﬂ S;. 8)

Thus, P,(e’*) € Q; means that it is consistent with the data (ACS values) available from the first i channels.
Now, according to the ME principle, we should seek a solution for Problem 1 by solving the following

constrained optimization problem:

Problem 2 (ME formulation of Problem 1) Find P (e/*) = argmax H(P,) subjectto P, € Qus_1.

The Maximum Entropy principle is closely related to another induction principle known as the Minimum
Cross-Entropy (MCE) principle [20], [21]. Based on this latter principle, one starts with a prior guess and
chooses, among all feasible solutions, the one that has minimum cross-entropy from the prior. Cross-entropy,
also known as Kullback-Leibler divergence, is a popular quantity in statistical inference used to measure the
degree by which two probability measures may be discriminated from each other. Let P; (e/“) and P (/)
be two candidate PSDs for the zero-mean Gaussian WSS random process z(n). If P;(e?“) and Py (e/*) are
essentially bounded from below?, then the Kullback-Leibler divergence of Py (e/*) from Py (e/*) exists and
is given by [19, Theorem 10.5.1] [22, Proposition 8.29]

D(P, || P,) = ﬁ /7r <2§Z:; ~In ]JZ;EZZ; - 1) dw. 9)

—T
“This is to say, there is a positive constant e such that P; (e?“) and P»(e’*) are both greater than e for almost all w. Note that if

Py (e?*) and P, (e?*) are rational with no poles or zeroes on the unit circle, then this condition is satisfied.



Kullback-Leibler divergence has important distance-like properties which can be used to introduce inter-
esting geometries on the space of PSD functions [23, Chapter 5]. However, it is not a metric since it does
not treat Py (e’“) and P,(e/*) symmetrically, nor does it satisfy the triangle inequality.

The prior guess is important in the viability of MCE as an induction principle. When no information is
available on the form of a PSD function, it is “reasonable” to assume that it is uniform. Thus, the uniform or
flat spectrum Ppjq.(e?*) 2 ¢, ¢ > 0, is arational choice for the prior. However, there is no “reasonable way”
to infer the value of ¢. Because of this ambiguity, the MCE principle cannot resolve Problem 1 unless we
know the input signal’s variance E{x?(n)} or, equivalently, || P.||,: in advance. Once c is fixed, Problem 1

is converted to the following minimization problem:

Problem 3 (MCE formulation of Problem 1) Find Pj (/%) = argmin D(P, || Pfia;) Subject to P, €
Qnr—1 and || Pyllg: = c.

Note that, when || P, ||y is fixed, minimizing D(B, || Ppq) is equivalent to maximizing H (P, ), that is,
the MCE and ME will give the same solution. Throughout this paper, we use the Maximum Entropy as our
main induction principle and, hence, avoid the ambiguity that exists in the choosing a prior PSD for MCE.
Never the less, we take advantage of the equivalence between MCE and ME under the condition mentioned
above when we discuss properties of the ME solution in Section VI.

We will derive a parametric expressions for P (e/*) later in Section V. Before that, however, we will
examine the geometry of Problem 2 in order to provide more insight into the nature of the Maximum Entropy

solution P (e/%).

IV. GEOMETRY OF PROBLEM 2

Let us re-formulate Problem 2 as a linear operator equation of Fredholm type. Define

RE [00(0), -+, po(L — 1), p1(0), - p1(L — 1), -+ - ot (L —1)]T

as the (long) vector containing all the known ACS values for the observable signals. Then, the constraint

that P, (e7“) must be consistent with these given data, might be written as
AP, = R, (10)
where A is the linear integral operator from M to ¥ ¢ RMZ defined by
A T
A=[Aop, - ,Ao,L-1,A10, - A1, -+ JAM-1,L1] (11)

7
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Fig. 2. (a) Geometric visualization of the set A/ as a triangular region in the 3 dimensional (Euclidean) space. (b) Contours
generated on this region by the Entropy function H(X) = 22:0 In z. Those contours that lie outside the triangular region are
irrelevant.
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m

A1
Ai,kPx = %

Using the above notation, we can write the constraint set O, that appears in Problems 2 and 3 as

P (e7°) Gy (7)) eI Nikw dy, (12)

On-1={P.(e’): P, € M, AP, = R}. (13)

It is clear from the above definition that Qy; 1 is a convex subset of L!(—m, ) which, in turn, is a
Banach space. The PSDs which are in Q,;_1 can be pictured as points on the intersection of the linear
manifold {P,(e*) : P, € LY(—m,n), Pe(e/*) = P.(e™*), AP, = R} and the closed convex cone
{P(e?*) : P € LY(—n,7), P(e’) > 0}. The following toy examples illustrate the above concepts using

their analogs in the Euclidean space R3:

Examplel Let X = [z¢ 21 z2]” be a vector in the Euclidean space R? and define /' = {X | X[ X =
3,X > 0} where Xy = [111]7 is fixed. The equation X} X = 3 specifies a plane surface that we call S
(see Fig. 2(a)). The set \/ simply represents those vectors (points) in S which are in the first quadrant. Note

that the first quadrant is, in fact, a convex cone representing the condition X > 0. &

Example 2 Consider the set A" C R3 and the associated geometry introduced in the previous example. The
contours generated on this set by the entropy function H(X) = Zi:o In x, are shown in Fig. 2(b). Clearly,
entropy increases as we approach the centre of the triangle that represents A and decreases as we approach

its borders. The Entropy is —oo on the side of this triangle.

8
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Fig. 3. A linear constraint will specify a line in R®. The set of feasible solutions is represented by the segment of this line which
intersects with the triangular region that represents A/. The Maximum Entropy principle chooses a point on this segment which
has the highest entropy. As entropy increase for points close the centre of the triangle N, the selected point will be “close” to the

centre.
Any linear constraint will specify a line in /. The Maximum Entropy principle chooses a point on this

line which i)lies on the triangle N and ii)has the highest entropy (Fig. 3). &

V. SOLVING PROBLEM 2

Theorem 1 If Problem 2 has a continuous solution, it is in the form

. 1
Pi(e??) = : , , 14
) = ST e ) -
where F;(z) = ﬁi( L-1) 2\ix2 %, The coefficients \;;0f the transfer functions F;(z) in (14) are specified
such that
1 T Gi(ejw)ejNikw

21 ) ST G (e Fy (o) pi(k) (15)

holds for all valuesof i =0,1,---M —1and k =0,1,--- L — 1.

Proof: Using standard techniques from calculus of variations, we can convert Problem 2 to an unconstrained



optimization problem. To do so, we form the functional

1 7 , o
72 L [Cwees Dt S S W) L[ e oy,
T

i=0 k=—(L—1)

where \;;, are the Lagrange multipliers. Note that since both p; (k) and R,, (k) are symmetric in k, we have

Aik = A\i(—k)- Taking the variation of J with respect to ;" we get

/ P ( ej“’

Putting 6.7 equal to zero® leads to

M-1  L-
/ 5P (e?*) Z Z it Gi(e7)edNikw | gy

1=0 k=—(L-1)

M—-1
m 1 A .
/ *7(4} -2 E Gi(e']w) E )\ ke]N ihw 6P;(€jw)dw == O
| P2 () i=0 k=—(L-1)

Since J P (/%) is arbitrary, the quantity in the square brackets must be zero. Therefore, we obtain

; 1
Pr(e!) = : : (16)
iyt Gi(el) ( ko) 2haked kw)
It’s convenient to define (2 ) . Z(—1) iRz ¥ such that (16) can be written in the compact form
Pr(e?) = (17)

Yo" Gilew) Fy(erNiw)
Finally, ;. are obtained by the requirement that P;(e’“) must satisfy the constraints, i.e. P}(e/*) €
Qnr—1. Thus, in view of (7) and (8), F;(z) must be chosen such that

1 0 G <6jw)ejN'kw
2 Jon ST Gy (1) (1)

w = p;i(k) (18)
holds for all valuesof i =0,1,---M —1landk=0,1,--- L — 1. Q.E.D.

Remark 1 The transfer function F;(e’) is a real function of w (since P (e/*) is real). Thus, we might use
the simpler expression F;(e/v) = ﬁ;& ik cos(kw) in (14) and (15).

SWe’ll show in the next section that the functional H (P,) is strictly concave on its domain of definition. Thus, putting the first

variation 0.J of the functional .J is sufficient for obtaining a global maximizer.
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VI. PROPERTIES OF THE SOLUTION OF PROBLEM 2

Studying various measures of entropy for regularizing ill-posed density estimation problems has been an
active area of research in applied mathematics. See, for example, [24], [25], [26], [27], [9] and [28]. Such

problems usually lead to an optimization problem of the form
b
minimize/ (P (w))dw, P(w) € L(a,b) (19)
‘ b
subject to/ Gi(w)P(w)dw = o,
a

where i = 0,1,--- , N — 1 indexes the constraints, G;(w) are known functions and «; are the measured
moments. The function ¢(-) reflects the choice of the entropy measure. The two classical choices correspond
to the (negative) Shannon entropy

é(P) 2 Plog P

and (negative) entropy rate
A

¢(P) = —log P

which is sometimes called the Burg entropy.

Well-posedness of the minimization problem (19) when ¢ is the Shannon entropy has been established in
several works including [24], [29], [25], [27] and [30]. Well-posedness results exist for certain classes of
functions ¢ as well [30], [28]. Unfortunately, the entropy rate ¢(P) = — log P which is the one used in this
paper does not belong to these classes. The reason is that a crucial property of the classes of regularizing
functions ¢ studied in both [30] and [28] is lim p_. @ = oo, Which is not satisfied by ¢(P) = — log P.

While entropy rate (5) lacks theoretical support as a regularizing functional, it has been used extensively
and successfully in many areas of application including spectral estimation and image restoration (see, for
example, [18] and references therein). The very important feature of using entropy rate in the context of
our work is that its minimization (subject to linear constraints P;(e/“) € Qj;_1) leads to a rational PSD
function. This is very desirable since the theory of WSS processes with rational spectra is well known.

In the rest of this section we present some results on uniqueness, existence and stability of the solution of
Problem 2.

Lemma 2 When it exists, the solution to Problem 2 is unique.

Proof: The proof is based on the fact that the entropy functional H (-) is concave. To see this, let P;(e“’) and

P»(e7*) be two distinct PSDs in the constraint set Oy, 1. Define B,(e/*) = aPy(e/?) + (1 — a) Py (e/¥).

11



It is easy to check that Q,;_1 is a convex set. Thus P,(e?“) € Qp 1 for 0 < a < 1 as well. Now, we
define

H(a) = H(P,) ! /7r In(aP; (') + (1 — @) Py(e'))dw.

:g .

It is easy to check that

dw < 0.

Pille) L [ Bk) Pk
da? 21 | (Py(e7%))?

The above expression shows that H(-) is a (strictly) concave functional which, in turn, proves that its
maximum over Q;_1, when it exists, is unique. Q.E.D.

An extensive analysis of the problem of existence of a Maximum Entropy solution is given in [31]. The
results in [31] show that, if the Lagrange multipliers \;, are specified such that P*(e/*) given in (14) is
both consistent with the constraints and positive, then it is the solution. However, if P*(e“) obtained in
Theorem 1 has any zeros, then the solution to Problem 2 may have a singular part as well. We do not
know if the solution given by Theorem 1 is positive for all feasible data p;(k). Because of this and other
difficulties, we shall use a modified parameterization of P(e’*) in our computational algorithms. This
modified parameterization is an approximation but guarantees positivity of the solution (see Section VII-A).

Another important issue is the stability of P;(e/“) with respect to small perturbations in the data p; (k).
Unfortunately, continuous dependence of P} (e’) on the data R is not formally established. Nonetheless,
there has been some progress in finding bounds on the magnitude of perturbations of the MCE solution. For
completeness, we discuss some of the contributions here.

Consider the functional

A
W(Py) = |AP; — R|| + a*D(Py || Ppiar), (20)

where « is a small constant. Minimizing this functional can be regarded as an approximation to Problem 3
which, in turn, is equivalent to Problem 2 when the input signal’s variance is known.

Let Rs denote a perturbed data vector (which might, for example, be obtained by a noisy measurement
of the true ACS values that constitute the data vector R) and assume that ||Rs — R|| < d. The following
theorem, essentially due to Eggermont [27], establishes a bound on the Kullback-Leibler divergence between

the solutions of the original problem and the perturbed one:

Theorem 3 Let R and Rs be two admissible data vectors such that || R; — R|| < 6. Also, let P, Ps and P
denote three PSD functions in M. If P minimizes the functional W (P) = ||AP — R|| + o2D(P | P,) over

12



M and Ps minimizes the functional Ws(P) = || AP — Rs|| + o>D(P || Py) again over M, then
|A(P — F5)|| + @D(P || P5) < 46 (21)

Proof: The above result follows from Theorem 3.3 in [27] after the following observations:

(i) The constraint set M is closed and convex and hence satisfies the conditions mentioned in [27, Section
3].

(if) The Kulback-Leibler divergence D(P; || P») possesses the decomposition required by equation (3.2) in
[27] provided that we replace d(-) in that equation by the convex functional d(P) = [™_1In cosh P(e/*)dw.
Q.E.D.

The above theorem shows that the Kullback-Leibler divergence between the solution of the perturbed
problem and that of the original problem is bounded by ﬁ | Rs— R||. Since the Kullback-Leibler divergence
is not a metric, Theorem 3 alone does not imply continuous dependence of the solution of Problem 2 on the
data. To obtain a formal continuity result, we have to show that the distance (in the metric of some valid
topology) between the solution of the perturbed problem and that of the original problem is bounded when
||Rs — R)|| is bounded. The following theorem shows that this can be done provided that we specify a bound

on the peak value of P,(e/*).
Theorem 4 Let Py (e/*) and P (e’*) denote two continuous PSD functions. Then, || Py — P»||3 < eD(P; ||
Py) where ¢ = 57 (|| P23, + 2[| Pt ]| | P2l oc).

Proof: We start with the elementary inequality of Kemperman [27], [32, Page 63]

(z—y)? < <§x + §y> <xlog(§) +y— x) )

Using the above inequality and noticing that P;(e/*) > 0 almost everywhere, we get

(PL(e/*) — Po(e/*))? < (gpg(efw) 4 gpl(ejw)Pg(ef“’)) (% _ 1og(2$:§> _ 1) .

Then, by using the inequality | [ f(¢)g(t)dt| < || f]lcolgll1, We may write

| Py (e7%) — Py(e?)||3 < §||P22(ejw) +2P1 (') Pa (7)o /7r <§;E::; B log(]P;;EZ;:};) B 1> du-

Finally, we note that the integral in the right-hand side is 47 times D(P; || P») and that continuity of

Py(e7*) and Py (e/*) allows changing the order of L° norm and multiplication operators. Q.E.D.

13



Combining the results of Theorems 3 and 4, we conclude that if an upper bound M exists such that
1Ps]l o0 < M, V4, then
IR~ Rsll =0 = |[P— Pyl — 0. 22

In other words, the Maximum Entropy solution is stable provided that || Ps|| is bounded a priori.

The Maximum Entropy PSDs given by (17) are continuous rational functions of e/~. Hence, the L>
norm of P (the solution of the exact problem) is known. Also, Py is in L>°(—m, 7) provided that it has no
poles on the unit circle. However, this is not enough for the implication in (22) to be valid. What we need is
an a priori bound on the L norm of Ps. Whether such a bound can be actually specified remains an open

problem for research.

VII. ALGORITHMS FOR COMPUTING AN APPROXIMATE SOLUTION
We showed in Section V that the continuous solution to Problem 2, when it exists, is given by

; 1
P () = : ‘ , 23
) SR PR “

where Fy(z) 2 ﬁi(L_l) 2Xixz " and ), are Lagrange multipliers®. The Lagrange multipliers embed-
ded in F;(z) need to be specified such that

LT | H(e) PNk

2m Jox 30T [ H ()2 Fy(e3No)

w = p;i(k) (24)

holds for all valuesof i =0,1,---M —1landk=0,1,--- L — 1.

In practice, it is quite likely that the set of feasible power spectra Q,—; is empty for a collection of p;(k)
found or estimated empirically. In this case, the system of equations (24) does not have a solution. To get
around this difficulty, we generalize our notion of a “Maximum Entropy solution” by identifying it with the

solution to the following least-squares problem:

Problem 4 (L east-squares method for specifying the parameters of P, (e/*))

LetA 2 [Xoo Aot - -+ Aar—1)(z—1)] - Find A that minimizes

B —1L-1 1 T |Hi(ejw)|2€jNikw 2
W= (5 AT EE s )

14
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Fig. 4. MEIE is an algorithm that calculates an approximation to the Maximum Entropy estimate of the input PSD given autocor-

relation coefficients of the low-rate observations.

If the system of equations (24) has a solution, it will be obtained by solving Problem 4. Even when (24)
doesn’t have a solution, solving Problem 4 specifies a PSD which approximately satisfies the constraints in
the least-squares sense. Thus, in practice, we specify \;; by solving Problem 4 instead of the system of
equations in (24).

Applying any standard optimization routine to solve Problem 4 requires calculating the integrals involved
in the objective function J. It turns out that numerical calculation of these integrals is very difficult, mainly
because the integrand tends to blow-up whenever any H(e/*) gets close to zero. In the next subsection,
we suggest a modified way of parameterizing B.(e’). This enables us to calculate .J without having to

perform ill-conditioned numerical integrations.

A. Avoiding numerical integrations

It is well known that every rational PSD function P, (e’“) admits a spectral factorization of the form
Py(e?) = Q™) P, (26)
or, if we replace e/* by the complex variable z,

Pi(2) = Q(2)Q(=7), (27)

®Recall from Section V that A;x = A;(_y). This means there are only L coefficients to be specified for each £(z).
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where Q(z) represents the transfer function of a causal and stable system [5], [4]. Let us define the parame-
terized family of PSD candidates

1
S MO H(e3) 2 Fy(A; edNiwr)

Py(A;e?®) =

where the parameter vector A 2 [Aoo Aot - -- )\(M,l)(L,l)]T is embedded in the (non-causal) FIR transfer
function F;(A;z) = ﬁi(L_l) 2\ixz "%, Also, let us use the notation Q(A;z) for the parameterized
family of spectral factors associated with P, (A; e’“) when the spectral factors exist.

For any A, if Q(A; z) exists, it can be identified with the modeling filter of an ARMA process whose
order depends on the degree and the nature of the analysis filters H;(z), the down-sampling ratios N; and
the number of ACS values available as data. WSS processes can be represented by their modeling filter
driven by (unit-variance) white noise. If we apply this fact to the input signal z(n) in Fig. 1, then we can
calculate the ACS values R,, (k) of the observable signals v;(n):

Define ¢(A; k) as the impulse response of the modeling filter Q(A; z) and i(k) as the impulse response

of the analysis filter H(z). Then, we have
Ry (k) = (hi(k) * hi(=k)) * (q(A; k) * q(A; —F)), (28)

from which we can calculate

Ry, (k) = Ry, (N;k). (29)

The integrals in (25) are nothing but R,, (k) calculated for a certain value of the parameter A. Thus, (28) and
(29) enable one to calculate J without integration. There is a price, however, to be paid for this convenience:
In order to use (28), we have to know the functional form of the spectral factors Q(A; z).

In general, P,(A;e’) is not positive definite for all A. Thus, Q(A;z) does not exist for all A. To

circumvent this difficulty, we modify the functional form of F(A; z) such that
A L—-1
Fi(A;2) = Ai(2) Ai(z7") where A;(z) = > Apz ", (30)
k=0

In other words, we make the transfer functions F;(A; e/V«) positive definite a priori. This ensures that
P.(A;e7%) >0 forall A7
Although the number of parameters remains the same, the parameterizations (30) is not equivalent to the

original one where F;(A;z) = ;?:_i(L_n 22~ *. Nevertheless, backed by the results of our numerical

"Note that £ (A; e?™Ni*) > 0 implies P, (A; e?*) > 0 but the converse need not be true.
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simulations, we believe that the new parameterization (30) has enough degrees of freedom to capture the
essence of the original case for practical applications. We leave it as an open problem to investigate, theo-
retically, how well this new parameterization approximates the original one and/or find some bounds on the

error caused by (possible) lack of enough degrees of freedom.

B. The Maximum Entropy Inference Engine

We use the name Maximum Entropy Inference Engine (MEIE) for the algorithm that calculates P} (e/*)
using the procedure outlined in the previous section (Fig. 4). The steps involved are summarized in Algo-

rithms 1 and 2 below.

Algorithm 1 (Maximum Entropy I nference Engine)

Input:
1. pi(k) = E{vi(n)vi(n+k)} for i=0,---,M—1 and k=0,---L—1.
2. Transfer functions H;(z) and down-sanpling ratios N,.
Output:
An estimate P’(e/*) of the input PSD.
Procedure:
L Let A= oo Aot o Aw—nz_n]”-

2. Import g;x(A) fromA gorithm 2.
M—-1L-1

3. Form J(A) = Z Z (9i,6(A) — pi(k))*.

1=0 k=0
4. Find A* 2 argmin J(A).

5. Form A;(z) = Y5 o dirz "
1

6. Return Pi(e) = .
Yoo |Hi(e79)|2A;(eNiw)A;(e=Niw)

Remark 2 Several steps in Algorithm 2 require operations on infinite impulse-response sequences. Such
operations, of course, can only be performed approximately after the sequence is truncated to a reasonable

length.

Remark 3 We use the MATLAB function f mi nu for performing the optimization in Step 4, Algorithm 1.
The spectral factorization required in Algorithm 2, Step 4, may be performed, after truncating e(n) to a

reasonable length, by the MATLAB function ac2pol vy.
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Algorithm 2 (calculates g;;.(A) for Algorithm 1)

Input:

1. Two integers ¢ and k; 0<i<M-1, 0<k<L-1.

2. The parameter vector A 2 Aoo Xor oo Ar—ny-n)t-

3. Transfer functions H;(z) and down-sanpling ratios N;.
Output:

The functions g;r(A) used in Al gorithm 1.

Procedure:

1. For 0<j<M-1, form

L—-1
Ai(z) =

=0

Form D(z) = 251 C5(2).

j=0
Find the inpul se response d(n) of D(z).
Find e(n) such that d(n)=e(n)*e(—n).

1
Form E(z) = —s=———— then cal cul ate U;(z) = E(2)H;(2).
() = sy (=) = E()Hi(2)

Find the inpul se response w;(n) of U(z).

Return g;x(A) = Z w;(n)u; (N;k + n).

n=—oo

N o g &~ w Db
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VIIlI. EXAMPLES

In this section we demonstrate the performance of the Maximum Entropy Inference Engine by providing

two simulated examples®.

Example 3 Consider a 4-channel multirate observer system of the form shown in Fig. 1. Assume that the
down-sampling ratio is equal to 4 in all channels. Thus, Ng = N1 = No = N3 = 4. The transfer functions

of the measurement filter H(z) to Hs(z) are chosen as follows:

0.0753 + 0.16562 ! + 0.2053272 + 0.16592 3 4 0.07512 4

Ho(2) = 1.0000 — 0.88772~1 + 0.67382~2 — 0.120623 + 0.022524
() = 0.4652 — 0.12542~1 — 0.3151272 4+ 0.09752 73 — 0.02592 4
1.0000 — 0.68552~1 + 0.32972~2 — 0.0309z 3 + 0.0032z—4
Hy(z) = 0.3732 — 0.8648271 4+ 0.7139272 — 0.18562 72 — 0.00152~*
1.0000 — 0.5800z—1 + 0.52922—2 — 0.01632=3 + 0.0107z—4
0.1931 — 0.4226271 4 0.3668272 — 0.09742~3 — 0.04052~*
Hj(z) =

~ 1.0000 + 0.28142~1 4 0.37392~2 + 0.03452—3 — 0.01962 4

The frequency response of the measurement filters are shown in Fig. 5. We emphasize that the above
transfer functions were designed to show typical low-pass, band-pass and high-pass characteristics and were
obtained using standard filter design techniques. In other words, they were not specifically designed to

SMATLAB codes for the simulation examples presented in this section are available online at

http://ww. nultirate. org.
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Fig. 5. Frequency response of the analysis filters used in Example 3.
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belong to certain classes of filters (e.g., Quadrature Mirror Filters, Power Complementary Filters, Perfect
Reconstruction Filters, Paraunitary Filters, etc.) used in classical filter bank designs [33].
The input signal x(n) is chosen to be a low-pass Gaussian ARMA process whose modelling filter is of

the form

Zgo a(i)zii

2 b))z

The coefficients a(i) and b(i) were calculated using the MATLAB command

Qu(z) =

[a, b] =YULEWALK( 10, [0 .5 .8 1], [1 1 0 0])

which implements the Yule-Walker filter design algorithm. For the PSD described above, we can calculate
the ACS of the observable signals using (28) and (29). By calculating ACS values up to lag 4 (that is,
calculating p;(k) for all i and 0 < k£ < 4), we get the numbers in Table I. These numbers will be used as
data by the MEIE to estimate the input PSD.

The actual input PSD and the PSD estimated by the MEIE are shown in Fig. 6. As seen in this figure,
the MEIE has estimated P, (e/*) very accurately using the low-rate ACS values supplied. For the sake of
comparison, we have also calculated intermediate estimates of the input PSD using a partial number of ACS
values given in Table I. The resulting PSDs are plotted in Fig. 7. As seen in Fig. 7, the quality of estimation
increases as more data are provide to the MEIE. This, however, is not a general rule as we will demonstrate

in the next example. &

14

— Actual
— — Estimated

1.2 B

° o
S & e
T T

I

Power spectral density of x(n).

o
»
T

0.2r-

0 Il Il L L L i —
0 05 1 15 2 25 3 35
Frequency in radians/second.

Fig. 6. PSD of the input signal used in Example 3 along with its estimate obtained by the MEIE.
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increases as k increases.

Frequency in radians/second.

TABLE |

CORRELATION COEFFICIENTS USED AS DATA IN EXAMPLE 3.

pik) | k=0 | k=1 | k=2 | k=3 | k=4
i=0|0.3536 | -0.0649 | 0.0143 | 0.0004 | -0.0010
i=1 03395 | -0.0059 | 0.0052 | 0.0028 | 0.0012
i=202618 | 0.1180 | 0.0035 | 0.0003 | 0.0024
i=3 (00947 | 0.0378 | 0.0002 | 0.0003 | 0.0002
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Example 4 Consider the 3-channel analysis system shown in Fig. 8. The down-sampling ratios for this
system are Ny = 2, N1 = 2 and N, = 4. Therefore, it is a non-uniform over-sampled analysis filter bank.

The filters Hy(z) to H2(z) are chosen to be FIR. The transfer function of each filter is as follows:
Hy(z) = 0.0753 + 0.16562 7 + 0.20532 2 4 0.16592 3 + 0.07512~*

Hi(z) = 0.4652 — 0.12542 71 — 0.3151272 4 0.09752 3 — 0.02592*
Hy(z) = 0.1931 — 0.42262 " + 0.36682 2 — 0.09742 ™3 — 0.04052~*

The frequency response |H;(e’*)| of these filters are shown in Fig. 9. Again, we emphasize that the
above transfer functions were designed simply to show low-pass, band-pass and high-pass characteristics.
They may or may not belong to any specific classes of filters used in classical filter bank designs. The
non-observable input signal x(n) is the same low-pass PSD as in Example 3.

The correlation coefficients associated with the low-rate observable signals ;(n) are shown in Table II.
The PSD estimates obtained by the MEIE using these correlation coefficients are shown in Fig. 10. It’s
observed that the estimates quickly capture the shape of the actual PSD and approximate it more closely
as k increases. The approximation, however, does not improve uniformly (compare, e.g., Fig. 10(d) with

Fig. 10(e)) . %

In standard (i.e. single-rate) spectrum estimation, it is possible, at least in principle, to achieve arbitrarily
good estimates of P,.(e/*) if a sufficiently large number of the ACS values R, (k) are available. However,
in the multirate case, the estimate P} (/) might or might not converge to the true PSD P, (¢’ depending
on the nature of the filters H;(z) and the down-sampling rations N;. Recall from Section 11 that observing
low-rate autocorrelation coefficients g (k), 0 <i < M — 1,0 < k < L — 1, effectively reduces the set M
of all possible P,(e’*) to a “smaller” set Q,; 1 C M.

It is possible for Q; 1 to reduce to a single power spectrum as k& — oo in which case P;(e“) will
converge to the true PSD P, (e/). However, in general, the set Q ;1 may retain infinitely many elements
even when k — oo. In this case, P;(e?“) will converge to the PSD in Q,,_; which has the highest entropy
and not necessarily to the actual PSD P, (e’“). Further details on such issues along with an analysis of the
quantity of information contained in individual low-rate measurements will be provided in our companion

paper [34]. See also [35] and [36, Chap. 4].
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Fig. 8. The 3-channel nonuniform analysis system used in Example 4.
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TABLE I

9. Frequency response of the analysis filters used in Example 4.

CORRELATION COEFFICIENTS USED AS DATA IN EXAMPLE 4.

pik) | k=0 | k=1 | k=2 | k=3 | k=4 | k=

i=0|0.1084 | 0.0583 | 0.0056 | -0.0001 | -0.0000 | 0.0000
i=10.1974 | -0.1260 | 0.0423 | -0.0169 | 0.0063 | -0.0038
i=2 (00438 | 0.0141 | -0.0002 | 0.0008 | 0.0002 | 0.0001
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Fig. 10.

pi(k) data up to and including the kth lag: (@) K = 0, (b)) k = 1, (c) k = 2, (d) k = 3, (€) k = 4, (f) k = 5,. Observe that the
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estimation quality improves (although not uniformly) from (a) to (f).
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IX. CONCLUDING REMARKS
A. Why is the cross-correlation information not used?

It is possible to take the cross-correlation between the low-rate measurements into account while estimat-
ing the PSD of the high-rate signal. Technically, this would improve the accuracy of the estimates. However,
we chose not to incorporate cross-correlation coefficients in our Maximum Entropy inference. There are sev-
eral reasons for this choice. The most important one is that, in practice, cross-correlation estimates are far
more erroneous than autocorrelation estimates. For completeness, the reason why this is the case is briefly
explained below. The reader is referred to [37, Section 10.6] for details.

Imagine that we want to estimate the covariance matrix C x x of a zero mean Gaussian random vector X

of dimension NV from L realizations { X}, }o<k<r. If we try to do this using the sample-mean estimator
1 L-1
Cxx =7 Z X XY, (31)
k=0

it turns out [37, Page 509] that the expected squared error for each element [Cx x ] of Cxx will be

E{([Cxxim — [Cxx|im)*} = %(([Cxx]zm)Z + [Cxx]u[Cxx]mm) (32)

and the total error variance is given by

ICxxlfs . EXHIXI

7 7 (33)

E{|Cxx — Cxx|#s} =

where ||.||% 4 denotes the squared Hilbert-Schmidt norm®. The formula (32) shows that for off-diagonal
elements, E{([Cxx]im — [Cxx]im)?} depends not only on ([Cx x]:»)? but also on the amplitude of the
diagonal coefficients [Cx x|; and [Cx x|mm. Thus, even though [Cx x|, may be small, the estimation

error is large if the diagonal coefficients are large:

E{([Cxxlim — [Cxx)im)*} > [Coxxlu [EXX]W”. (34)

Other reasons for ignoring the statistical information contained in cross-correlation coefficients include
tremendous increase in the complexity of the MEIE and the necessity of synchronization between the mea-

surement signals v;(n).

9For a matrix A we have || A[|%s 2 Tr(AAT).
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B. Summary and future work

We considered merging the information contained in a set of low-rate measurements about a non-observable
high-rate signal. The problem posed in its original form (Problem 1) is ill-posed since it usually has infinitely
many solution. It also might happen that the autocorrelation coefficients that are used as data are noisy esti-
mates in which case there might be no solution.

We used the Maximum Entropy principle for selecting a unique solution among all feasible ones. While
uniqueness of the Maximum Entropy solution is guaranteed (Lemma 2), the issues of existence and stability
are not resolved completely.

Another important challenge in applying the Maximum Entropy principle is how to compute the solution.
We addressed some of the computational issues in Section VII and devised a practical algorithm called the
Maximum Entropy Inference Engine for computing an approximate solution. We illustrated the performance
of this algorithm through simulated examples in Section VIII.

Step 4 in Algorithm 1 requires the use of some optimization package which, in turn, might need con-
siderable computational resources. This, and other computationally demanding steps (such as the spectral
factorization required in Step 4 of Algorithm 2) prohibit using the Maximum Entropy Inference Engine in
large-scale or real-time applications. Seeking improved numerical methods in terms of both the quality of

approximation and computational speed are in the focus of our current research.
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