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Abstract

This paper studies the basic design challenges associated with multirate sensor arrays. A multirate

sensor array is a sensor array in which each sensor node communicates a low-resolution measurement to a

central processing unit. The objective is to design the individual sensor nodes and the central processing

unit such that, at the end, a unified high-resolution measurement is reconstructed

A multirate sensor array can be modelled as an analysis filterbank in discrete-time. Using this model,

the design problem is reduced to solving the following two problem: (a) How to design the sensor nodes

such that the time-delay of arrival (TDOA) between the sensors can be estimated using the low-rate data

sent by them? (b) How to design a synthesis filter bank to fuse the low-rate data sent by the sensor nodes

given the TDOA?

We show that it is possible to estimate the TDOA between the sensors if the analysis filters incorporated

in the array satisfy specific phase-response requirements.We then provide practical sample designs which

satisfy these requirements. We prove, however, that a fixed synthesis filter bank can not reconstruct the

desired high-resolution measurement for all TDOA values. As a result, we suggest a fusion system which

uses different sets of synthesis filters for even and odd TDOAs. Finally, we use theH∞ optimality theory

to design optimal synthesis filters.

I. I NTRODUCTION

In recent years there has been an emergence of several new distributed sensing concepts. In particular,

distributed sensor arrays incorporating a large of number of tiny, inexpensive sensors interconnected via

wireless data networks have attracted considerable attention [1], [2]. Such networked sensor arrays can, in

principle, provide enhanced spatio-temporal sensing coverage in waysthat are either prohibitively expensive

or simply impossible using conventional sensing assets. However, small andinexpensive sensing nodes are

inherently constrained in computation and communication capabilities. Furthermore, price, power consump-

tion, and network data rate limitations prohibit individual sensor nodes fromacquiring and/or transmitting

high-resolution measurement data. Effective application of such sensors, thus, requires multirate signal pro-

cessing techniques whereby a unified high-resolution measurement is produced from the low-resolution data

communicated by individual sensor nodes. A simple two-node multirate sensorsystem is described in the

following example.

Example 1:Consider the setup in Fig. 1(a). Here,x(t) denotes the signal arriving at the reference sensor

node. This signal is the object of measurement. Assuming that attenuation is negligible and the environment

is non-dispersive, the signal received by the second sensor isx(t − ∆) where∆ represents the unknown
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Fig. 1. (a) A two-node multirate sensor array system. Each sensor node samples and communicates data at only half of the Nyquist

rate required to discretize the signalx(t) faithfully. The objective is to design the sensor nodes and the reconstruction system at the

receiving end such that the signaly(n) reconstructed at the receiver is a replica of the direct high-sampling-rate measurementx(n)

shown in (b).

time-delay of arrival (TDOA) in seconds. Each sensor node includes an internal filterHi(s) chosen by

the system designer, a sampling device and a digital transmitter. The discrete-time signalsvi(n), i = 0, 1,

produced after sampling are communicated via a digital communication network to the central station for

processing1.

Assume that the effective bandwidth ofx(t) is W Hz. Thus, the minimum (Nyquist) sampling frequency

needed for aliasing-free discretization ofx(t) is fs
△
= 2W . Assume, however, that the sampling devices in

the sensor nodes work atfs/2 due to transmission rate limitations imposed by the communication network.

1For simplicity, the quantization effects inherent in the digital transmission areignored. Also, the measurementsvi(n) are

assumed to be decoded at the receiver in such a way that their relative synchronization is preserved. If there is a time-delay of

transmission, its value should be considered while calculating the TDOA in the receiver.
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Fig. 2. Discrete-time filter bank model of the multirate sensor array shownin Fig. 1(a).

The central processing unit receives bothv0(n) andv1(n) at sampling ratefs/2. It then uses a reconstruction

system to fusevi(n) and generate a synthetic signaly(n) with sampling ratefs.

The design objective is to make the synthesized signaly(n) a (possibly delayed and scaled) replica of

x(n), wherex(n) denotes the continuous reference signalx(t) sampled at the Nyquist rate (Fig. 1(b)). In

other words, the multirate sensor array should be designed such thaty(n) = cx(n − Td) wherec 6= 0 and

Td ∈ N are constants. ♦

If we assume that TDOA is an integer multiple of the Nyquist sampling period, thatis, if ∆
△
= D/fs,

D ∈ Z, then the sensor node model shown in Fig. 1(a) can be discretized, leading to filter bank model shown

in Fig. 2. This model clearly shows the relation between the synthesized measurementy(n) and the desired

(but unavailable) high-sampling-rate measurementx(n). When∆ is not an integer multiple of the Nyquist

sampling period1/fs, the transfer functionz−D in Fig. 2 has no formal meaning. However, sincex(t)

is assumed to be bandlimited toW = fs/2 Hz, it can be interpreted in light of the following generalized

interpolation formula [3, Sec 3.5], [4, Sec 4.2.2]:

Y (z) = z−DX(z) ⇔ y(n) =
∞∑

k=−∞

x(k)
sin(π(n − D − k))

π(n − D − k)

Based on the discrete-time model shown in Fig. 2, designing a multirate sensor array requires solving the

following fundamental problems:

Problem 1—Sensor Node Design:Design the equivalent filtersHi(z) such that

(a) the TDOAD can be estimated in the central processing unit from the low-rate measurements vi(n)

sent by the sensors.

(b) the analysis filter bank shown in Fig. 2 isperfect reconstructionfor all TDOA values. That is, there

exist a causal and stable synthesis filter bank with inputvi(n) and outputy(n) such that, for allD,

y(n) = cx(n − Td) wherec 6= 0 andTd ∈ N are constants.
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Problem 2—Reconstruction System Design:Given the low-rate measurementsvi(n) received by the cen-

tral processing unit,

(a) estimate the TDOAD.

(b) find a causal and stable synthesis filter bank to reconstructx(n) from vi(n).

In recent years, extensive research has been conducted on filter banks and multirate signal processing [5],

[6], [7]. However, TDOA estimation from low-rate signals and reconstruction problems involving TDOA

have not been considered. In this paper, we focus on solving Problems1 and 2 for the basic case where the

array consists of only two sensors2. In our experiments and simulation examples, we will use microphones

as sensing devices and sound as the object of measurement. However, the paper’s theoretical results are

quite general and applicable to many other sensing situations as well. Some of the results in this paper were

presented in our conference paper [8].

The material in the rest of this paper are organized as follows: In Section II, we provide a brief background

on TDOA estimation using the generalized cross-correlation technique. Then, we derive conditions on the

analysis filters used in the sensor array so that this technique can be applied to low-rate measurements

as well. We introduce sample designs and provide experiments to illustrate that these designs produce

reliable TDOA estimates in practice. Section III is devoted to the technical problems that arise because of

TDOA when one tries to simulate a high-resolution measurement from low-rate sensor data. In Section IV

we useH∞ optimality criterion and design synthesis filters which guarantee precision fusion under all

TDOA circumstances. The paper concludes by summarizing the results and discussing some open issues in

Section VI.

Notation: Vectors are denoted by capital or boldface lower-case letters. Boldface capital letters are reserved

for matrices. We use the notation
F
⇋ when two quantities are related by the discrete-time Fourier transform.

The expected value of a random variablex is denoted byE{x}. The symbol
△
= is used to indicate that two

quantities are equal by definition. The Hilbert space of square-summable discrete-time signals is denoted

by ℓ2. In diagrams, solid lines are used to represent analog signals whereas dotted lines denote discrete-time

signals. The end of an example is marked using the symbol♦.

2Generalizing the results toN -node multirate arrays is left for future research.
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II. T IME-DELAY ESTIMATION IN MULTIRATE SENSORARRAYS

A. Introduction

TDOA estimation arises in a variety of fields, including sound localization and processing using micro-

phone arrays [9], [10], [11]. As a result, various algorithms have been developed for the estimation of

TDOAs between two signals. The general discrete-time model can be stated as follows:

u0(n) = x(n) + s0(n) (1)

u1(n) = x(n − D) + s1(n) (2)

whereu0(n) andu1(n) are the two signals at the observation points (i.e. sensors),x(n) is the signal of

interest that is referenced (zero time-delay) according to the first sensor and will have a delay ofD by the

time it arrives at the second sensor, ands0(n) ands1(n) are the (possibly dependent) noises of the first and

second sensors, respectively.

The goal of TDOA estimation is to estimateD given a segment of data obtained from each sensor, without

any prior knowledge regarding the source signalx(n) or the noises. This problem has been extensively

explored in the past, and depending on the application at hand, differentapproaches have been proposed [9],

[11]. For a basic introduction to the TDOA estimation problem as well as a generalization of the widely used

cross correlation based class of algorithms, the reader is referred to [11], [12]. Further analysis of TDOA

estimation for microphone arrays is performed in [9], [13].

The most commonly used TDOA estimation algorithm is the cross correlation basedtechnique, which

has been widely used for a long time and generalized in [11]. The generalized approach is defined below:

D̂ = arg max
D

∫

ω

Q(ejω)U0(e
jω)U∗

1 (ejω)e−jωDdω (3)

whereU0(e
jω) andU1(e

jω) are the discrete-time Fourier transforms of the signalsu0(n) andu1(n) respec-

tively andQ(ejω) is a cross-correlation weighting function.

While various weighting functions have been proposed in the past [11], [9], for microphone array based

TDOA estimation, the PHAse Transform (PHAT) or whitening filter weights arecommonly used due to the

robustness of the resulting technique to reverberations [9], [14]. Using the PHAT weighting function:

Q(ejω) =
1

|U0(ejω)U1(ejω)|
(4)
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the following PHAT form of the cross correlation is obtained:

D̂ = arg max
D

∫

ω

cos
(
ωD − (∠U0(e

jω) − ∠U1(e
jω))

)
dω (5)

The PHAT technique will be used for TDOA estimation in this paper. While there are many alterna-

tives to this approach, PHAT was chosen because of its widespread usefor microphone array based TDOA

estimation as well as its robustness to reverberation artifacts.

B. PHAT for low-rate signals

In this section we show that under certain conditions, the unknown time delayD can be estimated by

examining the phase of the cross spectral density (CSD)Pv0v1
(ejω) of the low-rate signalsv0(n) andv1(n).

Our key result is stated in the theorem below.

Theorem 1:Assume that the TDOAD is an integer and letW (ejω)
△
= H0(e

jω)H∗
1 (ejω) whereH0(z)

andH1(z) are the analysis filters shown in Fig. 2. If∠W (ej ω
2 ) = ∠W (ej(π−ω

2
)), then

∠Pv0v1
(ejω) =





−Dω

2 + ∠W (e
jω

2 ) D even

−Dω
2 + ∠W (e

jω

2 ) + λ(ω)π D odd

whereλ(·) is a binary-valued function ofω assuming the values0 and1 only.

Proof: See Appendix I.

The above theorem shows that, under suitable conditions on the phase of the analysis filters, the time delay

D can be recovered by examining the phase of the cross spectral density of the low-rate measurementsv0(n)

andv1(n). In practice, one has to start with an estimateP̂v0v1
(ejω) of the cross spectral density of the low-

rate measurements. The estimateP̂v0v1
(ejω) can be obtained using any of the standard spectral estimation

methods [15], [16]. Then,∠P̂v0v1
(ejω) is used to calculate an estimatêD of the actual time delayD by

maximizing the PHAT integral

D̂ = arg max
D

∫

ω

cos
(
−D

ω

2
− (∠P̂v0v1

(ejω) − ∠W (ej ω
2 ))
)

dω. (6)

In principle, PHAT is a nonlinear regression method which fits the linear model−Dω
2 to the data rep-

resented by∠P̂v0v1
(ejω) − ∠W (ej ω

2 ). If D is even and the available estimatêPv0v1
(ejω) is accurate,

then Theorem 1 shows that∠P̂v0v1
(ejω) − ∠W (ej ω

2 ) will be close to the linear function−Dω
2 . In this
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case, the PHAT integral (6) produces accurate TDOA estimates. WhenD is odd, Theorem 1 indicates that

∠P̂v0v1
(ejω) − ∠W (ejω) will be close to−Dω

2 + λ(ω)π. The binary-valued function

λ(ω)
△
=





0 if Pxx(ej ω

2 )
∣∣∣W (ej ω

2 )
∣∣∣ > Pxx(ej ω−2π

2 )
∣∣∣W (ej ω−2π

2 )
∣∣∣

1 if Pxx(ej ω
2 )
∣∣∣W (ej ω

2 )
∣∣∣ < Pxx(ej ω−2π

2 )
∣∣∣W (ej ω−2π

2 )
∣∣∣

(7)

is representative of the sign ambiguity which occurs in the determining the phase of Pv0v1
(ejω). As can be

seen from the expression above,λ(ω) depends on the input signal statistics throughPxx(ejω).

In principle, it is possible to estimatePxx(ejω) from v0(n) andv1(n) using the technique described in

[17] and then estimateλ(ω) from (7). However, we do not follow this possibility here due to its very high

computational burden. Instead, we choose to ignore the termλ(ω)π while calculating the PHAT integral.

Our rationale is that for most sensor array applications (e.g., microphone arrays), the low-frequency half of

the spectrum hugely dominates the high frequency half in terms of energy. As a result,λ(ω) will be equal

to zero much more frequently than 1. This makes the overall contribution of thetermλ(ω)π to the PHAT

integral (6) negligible. We will demonstrate the general validity of this assumption in Section II-D where

we present actual TDOA estimation experiments. There, we will provide cases where this assumption fails

to hold as well.

Remark 1:The results of Theorem 1 remain valid even when independent noise componentss0(n) and

s1(n) are added to the input signalsx(n) andx(n − D), respectively. However, if the noise sourcess0(n)

and s1(n) are correlated, an extra term (which depends on the cross-correlationbetween the two noise

signals) will be added to the right hand side of (22). This will introduce additional terms in the phase of

Pv0v1
(ejω) and, hence, bias in the estimation ofD. Our experiments with microphone arrays showed that

nominal room noise (air conditioning systems, etc. resulting in 20dB SNR) hadno noticeable effect on the

accuracy of TDOA estimates (See the experiments in Section II-D).

Remark 2:The TDOA estimator̂D given by (6) is robust and does not collapse if the actual TDOA is not

an integer multiple of the sampling interval. In fact, Theorem 1 is valid for the non-integer case too provided

that the termλ(ω)π in its statement is replaced by a general ambiguous phase term. This ambiguousterm

can be neglected if the spectral domination condition discussed before is satisfied. In this case, the TDOA

estimation procedure is the same as before except that, now, the search for the D which maximizes the

PHAT integral (6) should include non-integer values as well.
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C. Choosing the sensor filters

In order to use the PHAT integral (6) as a valid estimator ofD, one should use sensor filtersH0(z) and

H1(z) whose phase response satisfy the symmetry condition

∠

(
H0(e

j ω
2 )H∗

1 (ej ω
2 )
)

= ∠

(
H0(e

j(π−ω
2
))H∗

1 (ej(π−ω
2
))
)

(8)

required by Theorem 1. Several classes of filters satisfy (8). For instance, the reader may observe that if

H0(z) andH1(z) are linear-phase, FIR and with the same lengthN , then∠H0(e
jω)H∗

1 (ejω) becomes a

constant which, in turn, implies (8). It is possible to satisfy (8) by using certain types of IIR filters as well.

In the examples that follow, we present three representative choices for H0(z) andH1(z).

Example 2—Linear-phase FIR filters:Linear-phase FIR filters with good frequency selectivity can be de-

signed using a variety of methods, most notably the weighted-Chebyshev method of Parks and McClellan

[18]. In programming this method, an error function is formulated for the desired amplitude response in

terms of a linear combination of cosine functions and is then minimized by using a very efficient multivari-

able optimization method known as the Remez exchange algorithm [19], [20, Ch. 15].

We used the MATLAB functionremez which implements the Parks-McClellan algorithm to obtain a

low-pass filterH0(z) with symmetric impulse response of lengthN = 9. A high-pass filterH1(z) of the

same length whose amplitude response is the mirror-image ofH0(z) was obtained by simply replacingz

in H0(z) with −z. The amplitude responses ofH0(z) andH1(z) are shown in Fig. 3(a) where their phase

responses are depicted in Fig. 3(b). The amplitude and phase ofH0(z)H∗
1 (z) for the filters designed in

this example are shown in Fig. 4 (a) and (b). As can be seen from Fig. 4(b), these filters satisfy the phase

symmetry condition (8) perfectly. ♦

Example 3—Bessel IIR filters:In general, it is not possible to achieve linear phase response with IIR

filters. However, it is possible to design IIR low-pass and high-pass filters H0(z) andH1(z) such that the

productH0(z)H∗
1 (z) has linear phase. This can be achieved, for instance, using second-order Butterworth

filters. Another approach is to design almost-linear-phaseH0(z) andH1(z) by discretizing analog Bessel

filters via the impulse-invariant transformation. Here, we opt for the latter approach.

For the purpose of this example, we used the MATLAB functionbesself to design an8-order analog

Bessel filter with cutoff frequency of 40Hz. Then, we discretized it using the MATLAB function impinvar

at a sampling frequency of 20 Hz to obtain the low-pass filterH0(z). A high-pass filterH1(z) of the

same order was obtained by replacingz in H0(z) with −z. The amplitude responses ofH0(z) andH1(z)

9



are shown in Fig. 3(c) where their phase responses are depicted in Fig.3(d). The amplitude and phase of

H0(z)H∗
1 (z) for the Bessel filters designed in this example are shown in Fig. 4 (c) and (d). It is clear from

Fig. 4(d) thatH0(z) andH1(z) obey (8) with a good approximation. ♦

Example 4—Perfect-reconstruction linear-phase FIR filters:Analysis/Synthesis filter banks for which it

is possible to reconstruct the input signal (within a scale factor and a delay) are known asperfect re-

construction(PR) filter banks [5]. An interesting class of PR systems is based on linear-phase FIR fil-

ters. In this example, we use the filtersH0(z) = 0.0091 + 0.7070z−1 + 0.7070z−2 + 0.0091z−3 and

H1(z) = 0.0091 + 0.7070z−1 − 0.7070z−2 − 0.0091z−3 which belong to the PR classP1 introduced in

Appendix III. The amplitude and phase responses ofH0(z) andH1(z) are shown in Fig. 3 (e) and (f). The

amplitude and phase response of the product filterH0(z)H∗
1 (z) are shown in Fig. 4 (e) and (f). Clearly,

H0(z) andH1(z) obey (8) perfectly. ♦
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Fig. 3. Amplitude response and phase response of various sensor filtersH0(z) andH1(z) introduced in Section II-C. (a) and (b):

ordinary linear-phase FIR filters. (c) and (d): Bessel IIR filters. (e) and (f) perfect reconstruction linear-phase FIR filters.
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Fig. 4. Amplitude response and phase response of the product filterH0(z)H∗

1 (z) for the sensor filters introduced in Section II-C.

(a) and (b): ordinary linear-phase FIR filters. (c) and (d): BesselIIR filters. (e) and (f) perfect reconstruction linear-phase FIR

filters.
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Fig. 5. (a), (b): The microphone array setup at the Artificial Perception Laboratory, University of Toronto. (c) The reference

speech signalx(n) recorded by Microphone No. 3 in the array. The array was receivingthe voice of a female speaker saying the

sentence “Edward S. Rogers Sr. Department of Electrical and Computer Engineering”. (d) The spectrogram ofx(n).

D. Multirate TDOA estimation experiments

In this section, we present actual multirate TDOA estimation experiments that support the theoretical

results of Sections II-B and II-C. Our experimental setup is shown in Fig.5(a) and (b). A female student

spoke the sentence “Edward S. Rogers Sr. Department of Electrical and Computer Engineering” in front of

a microphone array standing at the location specified in Fig. 5(b). The signal arriving at each microphone

was sampled at 20 KHz and recorded for about 4 seconds.

We used only two microphones in the microphone array (No. 3 and No. 5). The output of microphone

No. 3 was used as the reference signalx(n). This signal and its spectrogram are shown in Fig. 5 (c) and (d),

respectively. The signal recorded by microphone No. 5 was used as the second input. We used the example
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analysis filters described in Section II-C to filter these signals and then down-sampled the results to obtain

v0(n) andv1(n). An estimateP̂v0v1
(ejω) of the cross spectral density of the low-rate observationsv0(n) and

v1(n) was obtained by using the MATLAB functioncsd. This function estimates the cross spectral density

of two signals using Welch’s averaged periodogram method (see, e.g., [16]). The parameters of the function

csd were chosen such that it would operate as follows: First, the signalsv0(n) andv1(n) were divided

into overlapping sections of length 1024 and then each section was windowed by a von Hann window. The

overlap length was set to 512. Several overlapping sections would forma “block”. The products of the

DFTs of the sections ofv0(n) andv0(n) which were in the same block were averaged to formP̂v0v1
(ejω)

for that block. The block length was set to 4096.

The above procedure provided us with a short-time cross spectrum estimatefor each block (4096 samples

or about0.4 seconds) of the low-rate measurements. We used this estimate to calculate the PHAse Transform

integral ∫

ω

cos
(
−D

ω

2
− (∠P̂v0v1

(ejω) − ∠W (ej ω
2 ))
)

dω. (9)

for each block and for all delay valuesD from -40 to 40. This process, which we call short-time PHAse

Transform, was repeated until all the blocks in the signalsv0(n) andv0(n) were covered. In Fig. 6, we have

used shades of gray to depict the numerical value of the integral in (9) for all blocks in the signalsv0(n) and

v0(n) and for−40 ≤ D ≤ 40. For each block, theD value which maximizes the integral in (9) (i.e. the

one which has produced the brightest color) represents the time delay estimate D̂ for that block. Fig. 6 also

shows the value of the integral (8) as a function ofD averaged over the entire length of the signalsv0(n)

andv0(n). TheD value which maximizes this quantity represents the TDOA estimate for the entire signal3.

The plots in Fig. 6 show that̂D = 13. This value was validated with estimates obtained from the original

(full-rate) microphone signals.

Remark 3:Note that the in the above experiments, the TDOA value is odd which means the phase of

Pv0v1
(ejω) contains the ambiguous componentλ(ω)π. Recall that in the odd TDOA case, the PHAT esti-

mator is guaranteed to work only if the spectrum dominance condition mentioned inSection II-B is satisfied.

This condition is not satisfied for the blocks centered att = 0.5, t = 1 andt = 2.75 since these blocks

contain strong components in both high and low frequencies (see Fig. 5(d)). The short-time PHAT plots in

Fig. 6 (a) and (c) do not show a prominent peak for these blocks. This indicates the failure of the PHAT-based

TDOA estimation for these blocks in agreement with our theory.

3Of course this assumes thatD remains constant during the recording.
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Fig. 6. TDOA estimation results using the filtersH0(z) andH1(z) described in Section II-C. Each row shows Short-time PHAse

Transform results in the left and PHAse Transform averaged over theentire signal on the right. (a) and (b): ordinary linear-phase

FIR filters. (c) and (d): Bessel IIR filters. (e) and (f) perfect reconstruction linear-phase FIR filters.
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Fig. 7. Reconstructing a high-rate measurement using a standard synthesis filter bank equipped with an advance blockzD to

compensate for the TDOA.

III. F USION OFLOW-RATE SIGNALS IN THE PRESENCEOF TIME DELAY

In this section we focus on the second fundamental problem of multirate sensor array design (Problem 2,

Section I). Except from the delay blockz−D, the sensor model shown in Fig 2 is a standard two-channel

analysis filter bank. It seems reasonable, therefore, to use a standardsynthesis filter bank equipped with a

compensatingadvance blockzD to reconstruct the signalx(n) from the low-rate signalsvi(n) (Fig 7).

Theorem 2:The multirate analysis/synthesis system shown in Fig 7 can achieve perfect reconstruction

for all values ofD only if

H0(e
jω) = F0(e

jω) = 0, ∀ω ∈ Ω

H1(e
jω) = F1(e

jω) = 0, ∀ω ∈ Ω̂

whereΩ = [0 π
2 ) andΩ̂ = (π

2 π] or the other way around.

Proof: See Appendix II.

Unfortunately, the frequency responses that satisfy the conditions of Theorem 2 can not be realized using

FIR or IIR structures4. In practical terms, this means it is not possible to achieve perfect reconstruction for

all TDOA values by using a fixed pair of synthesis filters in the structure shownin Fig 7. One, therefore,

has to use different pairs of synthesis filters for different TDOA values.

Let’s write the TDOAD as D = 2K + D̃ whereK ∈ Z and D̃ ∈ [0, 2). In this case, the delay

block in the sensors’ filter bank model (Fig. 2) can be decomposed into an integer, even, delayz−2K and

a residual delayz−D̃. z−2K commutes with down-sampling and up-sampling operation. Thus, it can be

readily compensated for in the receiving end by adding an equivalent delay z−2K to the other channel. The

4Note that realizable filters have rational transfer functions which can have only a finite number of transmission zeros in their

frequency response. Theorem 2, however, requires zero response over a continuous range of frequencies.
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residual partz−D̃, however, does not commute with the down-sampling or up-sampling blocks. Thus, when

designing the fusion system, we have to consider it along with the filterH1(z) in Fig. 7. In other words,

H1(z) subsumesz−D̃ as shown in Fig. 8.

WhenD̃ is different from 0 or 1, the transfer functionz−D̃ cannot be realized using a finite-order physical

system. In this case, one must approximatez−D̃ by a finite-order rational transfer function. This can be done

by using the classic Padé approximation [21] or other more recent techniques [22], [23].

Oncez−D̃ is approximated and combined withH1(z), a synthesis filter bank must be designed to recon-

structx(n) (Fig. 8). The synthesis filtersF0(z) andF1(z) depend onD̃. Thus, they must be designed (in

real time if needed) after the TDOAD is estimated.

TDOA
Estimator

x(n)
H  (z)0

0
v  (n)

H  (z)
1

1
v  (n)

-2Kz

2

2

2 F (z)
0

2 F (z)
1

y(n)
-2Kz

-D
~

z

Filter Design
Algorithm

D
~

K

Fig. 8. The structure of the central fusion system along with the analysis filter bank model used for designingF0(z) andF1(z).

IV. D ESIGNING THE SYNTHESIS FILTERS

The synthesis filters in Figs. 8 should be designed such that the reconstructed signaly(n) resembles

the desired reference signalx(n) as closely as possible (within, perhaps, a scale factor and a delay). An

efficient way to do this is the model-matching technique first proposed by Shenoy [24], [25] in the context

of multirate systems. Here, we use an elegant variation of the model-matching approach due to Chen and

Francis [26]. These authors usedH∞ optimization theory to minimize theℓ2-induced norm between a pure

delay system and the multirate system at hand. A version of theH∞ optimization method which uses linear

matrix inequalities (LMIs) and achieves reduced-order solutions has been recently proposed by Li and Kok

[27].
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A. Synthesis filter bank design usingH∞ optimization

H∞ optimization is central in modern control theory [28], [29], [30]. The Hardy spaceH∞ consists

of all complex-valued functionsH(z) that are analytic and bounded outside the unit disc, that is|z| > 1.

Therefore,H∞ is the space of transfer functions of causal and LTI systems which are stable in the bounded-

input, bounded-output (BIBO) sense. The norm of a multi-input multi-output transfer functionH(z) ∈ H∞

is defined as the peak magnitude of its maximum singular value on the unit circle:

||H||∞
△
= sup

ω
σmax[H(ejω)]. (10)

If H(z) is the transfer function of a stable, causal LTI system with inputX(n) of dimensionm and output

Y (n) of dimensionp, so thatH(z) is p × m, then the induced norm from the input spaceℓm
2 to the output

spaceℓp
2 equals theH∞-norm ofH(z). That is,

sup
||X||2=1

||Y ||2 = ||H||∞ (11)

where the norm of a signalX(n) in ℓm
2 is defined to be

||X||2
△
=

(
∑

n

XT (n)X(n)

) 1

2

. (12)

Now, consider the analysis/synthesis filter bank shown in Fig. 8. Becauseof the down-sampling and up-

sampling operations, the system which relates the output signaly(n) to the input signalx(n) is, in general,

a linear periodically time-varying (LPTV) system. Thus, it does not admit a transfer function. However, we

can “block” the input and output signals to obtain an LTI input-output equivalent system. This latter system

has the two-dimensional input and output

X(n)
△
=
[
x(2n) x(2n + 1)

]T
, Y (n)

△
=
[
y(2n) y(2n + 1)

]T
(13)

and a2 × 2 transfer matrix which we denote byP(z).

To find an expression forP(z), we have to use thepolyphase representation[5] of the analysis and

synthesis filters. Let us represent the analysis filtersH0(z) andH1(z) compactly by defining the transfer

vectorh(z)
△
= [H0(z) H1(z)]T . It is possible to factorh(z) as the product of a2 × 2 transfer matrixE(z)

and a delay vectore(z). That is,

h(z) = E(z2)e(z) (14)
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wheree(z) , [1 z−1]T . The matrixE(z) is called thetype-1 polyphase matrixassociated with the analysis

filter bankh(z). Similarly, the synthesis filters can be represented in the compact formf(z)
△
= [F0(z) F1(z)]

which, in turn, may be factored as

f(z)
△
= e

T (z)R(z2). (15)

The matrixR(z) is called atype-2 polyphase matrix. Using the polyphase notation, it is straightforward to

show that

P(z)
△
= R(z)E(z). (16)

Our objective is to design the synthesis filtersF0(z) andF1(z) given the analysis filtersH0(z) andH1(z),

and a tolerable delayTd ∈ Z+ such thaty(n) is “as close as possible” tox(n − Td). This objective can be

made precise by defining theerror signale(n)
△
= y(n) − x(n − Td) and then minimizing theperformance

measure

J
△
= sup

||x||=1
||e||2 (17)

which measures the worst-caseℓ2-induced norm from the input signalx(n) to e(n). Blocking preservesℓ2

norm, that is, the norm of a signal inℓ2 is equal to the norm of its blocked version inℓm
2 . Using this fact and

(11), it can be shown that [26, Theorem 2.1]

J = ||C − RE||∞ (18)

where

C(z)
△
=






z−k



1 0

0 1



 , if Td = 2k + 1,

z−k



0 z

1 0



 , if Td = 2k.

(19)

Based on the above result, our design problem can be precisely stated asfollows: Given causal and stable

(FIR or IIR) analysis filtersH0(z) andH1(z) and given a tolerable overall delayTd, find causal, stable

IIR synthesis filtersF0(z) andF1(z) such thatJ is minimized. The optimum performance measureJopt is

therefore

Jopt = inf
F0(z),F1(z)

sup
||x||=1

||e||2 = inf
R(z)∈H∞

||C − RE||∞. (20)

The latter optimization is a standardH∞ model matching problem and can be solved using existing software

tools, e.g. theµ-Analysis and Synthesis Toolbox of MATLAB. For reader’s convenience, theH∞-optimal

synthesis filter design procedure is outlined in Algorithm 1.
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Algorithm 1: H∞-optimal synthesis filter design

Input : The analysis filters H0(z) and H1(z), and the tolerable system delay Td.

Output : The synthesis filters F0(z) and F1(z), and the worst-case reconstruction error Jopt.

Procedure:

1. Construct the polyphase matrix E(z) associated with the analysis filters H0(z) and

H1(z).

2. Construct the delay matrix

C(z)
△
=






z−k



1 0

0 1



 , if Td = 2k + 1,

z−k



0 z

1 0



 , if Td = 2k.

3. Find Ropt(z) ∈ H∞ which minimizes J = ||C − RE||∞.

4. Return [F0(z) F1(z)] = e
T (z)Ropt(z

2).

5. Return Jopt = ||C − RoptE||∞.

The MATLAB function that solves theH∞ optimization in Step 3 of Algorithm 1 ishinfsyn. To apply

this function one has to reformulate the model matching problem at hand as a continuous-timeH∞ controller

design problem in the state-space. The solution is calculated as a continuous-time state-space realization as

well. This realization must be converted to the transfer matrix format and discretized to produceRopt(z).

Details of this process are described in [26, Section III].

The order of the transfer matrixRopt(z) depends on the dimension of the state-space models supplied

for E(z) andC(z). In practice, the state space models forE(z) andC(z) tend to have high dimensions,

resulting in high-order solutions forRopt(z) and, in turn, synthesis filtersHi(z) of unacceptably high order.

To circumvent this difficulty, we used the MATLAB functionsysbal5 to calculate a truncated (reduced

order) realization of the state-space solution provided byhinfsyn. The resulting reduced-order model was

then discretized and converted to the transfer matrix format to getRopt(z).

5This function calculates the optimal (in the sense of minimum Hankel norm) truncated approximation to a system model. We

used the recommended (default) values for the approximation error. See theµ-Analysis and Synthesis Toolbox User’s Guide for

details.
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B. Example designs for the integer TDOA case

In the special case thatD assumes integer values only, two pairs of synthesis filters are sufficient for

all TDOA circumstances. This is because, in this case,D̃ is either 0 or 1. Here, we provide three design

examples for this simple case assuming that the sensor filters are those designed in Section II-C.

TheH∞-optimal synthesis filtersF0(z) andF1(z) (designed for even- and odd-TDOA values separately)

are shown in Fig. 9. The total system delayTd which was chosen for each case is also quoted in this figure.

The worst-case reconstruction error normJopt for the synthesis filter bank pairs depicted in Fig. 9 are shown

in Table I.

The figures reported in Table I are quite impressive once we note that the reconstruction error norm

Jopt representsthe worst-case scenarioand the actual reconstruction error for a concrete case can be much

less. Moreover, the reader is reminded that the peak reconstruction error Jopt depends on both the analysis

filters and the value chosen forTd. In general,Jopt decreases asTd increases. Graphic depictions of this

phenomenon can be found in Chen and Francis [26]. These authors also prove the predictable result that

if the polyphase matrixE(ejω) is nonsingular for allω, then limTd→∞ Jopt = 0. In this case, arbitrary

good reconstruction would be possible if a sufficiently large time delay is tolerated6. In our experiments, we

were able to achieveJopt ≤ −80dB for all the example analysis filter banks introduced in Section II-C by

choosing a large enoughTd.

TABLE I

WORST-CASE RECONSTRUCTION ERROR NORMJopt FOR THE OPTIMAL SYNTHESIS FILTERS SHOWN INFIG. 9.

Type of analysis filters Jopt for even TDOA values Jopt for odd TDOA values

ordinary linear-phase FIR -70.4 dB -65.3 dB

Bessel IIR - 54.6 dB less than -80 dB

Perfect Reconstruction linear-phase FIR less than -80 dB less than -80 dB

6Note thatE(ejω) depends on the actual TDOA. So,E(ejω) might become singular for someD even ifHi(z) were originally

chosen to be perfect reconstruction.
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Fig. 9. H∞ optimal synthesis filters designed for each pair of analysis filters introduced in the design examples of Section II-C.

The right hand plot in each row shows the synthesis filtersFi(z) used for even TDOA values while those on the left areGi(z) used

for odd TDOA values. (a) and (b): ordinary linear-phase FIR analysis filters,Td = 27 samples. (c) and (d): Bessel IIR analysis

filters,Td = 35 samples. (e) and (f) Perfect Reconstruction linear-phase FIR analysis filters,Td = 7 samples.
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V. PROCEDURE FOR DESIGNING MULTIRATE SENSOR ARRAYS

Based on the results presented in the previous sections, the following procedure is suggested for designing

multirate sensor arrays:

1. Choose a pair of filtersH0(z) and H1(z) such that their frequency response satisfy the symmetry

condition

∠

(
H0(e

j ω
2 )H∗

1 (ej ω
2 )
)

= ∠

(
H0(e

j(π−ω
2
))H∗

1 (ej(π−ω
2
))
)

required by Theorem 1.

2. Perform TDOA estimation experiments using the PHAT estimator

D̂ = arg max
D

∫

ω

cos
(
−D

ω

2
− (∠P̂v0v1

(ejω) − ∠H0(e
j ω

2 )H∗
1 (ej ω

2 ))
)

dω

and see whether the results are consistent and accurate.

3. Choose ãD ∈ [0, 2) randomly. Then, choose a value for the tolerable overall delayTd and use Algo-

rithm 1 to design the synthesis filtersFi(z), i = 1, 2, for the analysis filters selected in Step 1. Record

the worst-case reconstruction error gainJopt.

4. Choose as many different̃D ∈ [0, 2) as possible and repeat Step 3. If steps 2 or 3 do not produce

satisfactory results, then choose a different pair of analysis filters in Step 1 and repeat the procedure.

VI. CONCLUDING REMARKS

We studied the theory and design of multirate sensor arrays. We showed that the following are the fun-

damental problems involved: a) How to extend TDOA estimation techniques to multirate signals? and b)

How to design analysis and synthesis filters which allow signal fusion when TDOA is present? We posed

and solved these problems by reference to a simple model involving only two sensors. We believe that our

work is novel in the sense that, to the best of our knowledge, it is the first toaddress fusion of low-resolution

sensors in the presence of TDOA. It is, however, intended as an initial theory. Important issues such as

robustness of the low-rate PHAT estimator,M -channel systems withM > 2, and how to specify “the best

choice” for sensor filters are left for future research.

As Einstein has said it, “No fairer destiny could be allotted to any theory than that it should itself point

out the way to introducing a more comprehensive theory in which it lives on as a limiting case.” Theory

of multirate sensors is an emerging research area. We hope our results point out the way towards more

complete theories and help to give shape to this emerging field.
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APPENDIX I

PROOF OFTHEOREM 1

Consider the diagram shown in Fig. 2. It is straightforward to verify that the output signalsv0(n)

andv1(n) are jointly wide-sense stationary (see, for example, [31]). Thus, the cross-correlation function

Rv0v1
(k) defined by

Rv0v1
(k)

△
= E{v0(n)v1(n + k)} (21)

exists. The signalsv0(n) andv1(n) are down-sampled versions ofx0(n) andx1(n − D). That is,v0(n) =

x0(2n) andv1(n) = x1(2n − D). Thus we have

Rv0v1
(k) = E{x0(2n)x1(2n + 2k − D)}

= Rx0x1
(2k − D). (22)

The above equation allows us to express the CSDPv0v1
(ejω) of the low-rate signals in terms of the CSD

Px0x1
(ejω) associated withx0(n) andx1(n):

Pv0v1
(ejω)

△
=
∑∞

k=−∞ Rv0v1
(k)e−jωk

=
∑∞

k=−∞ Rx0x1
(2k − D)e−jωk = 1

2e−jω D
2 ×





Px0x1

(ej ω
2 ) + Px0x1

(ej ω−2π
2 ) D even

Px0x1
(ej ω

2 ) − Px0x1
(ej ω−2π

2 ) D odd

(23)

In the last step of the above derivations we used the following properties of the discrete-time Fourier

transform:

x(n)
F
⇋ X(ejω) ⇒





x(2n)

F
⇋

X(ej ω
2 )+X(ej

ω−2π
2 )

2

x(n − D)
F
⇋ e−jωDX(ejω)

It is straightforward to show that

Px0x1
(ejω) = W (ejω)Pxx(ejω), (24)

wherePxx(ejω) is the power spectral density (PSD) of the input signal. It follows from (23) and (24) that

∠Pv0v1
(ejω) =





−Dω

2 + ∠

(
Pxx(ej ω

2 )W (ej ω
2 ) + Pxx(ej ω−2π

2 )W (ej ω−2π
2 )
)

D even

−Dω
2 + ∠

(
Pxx(ej ω

2 )W (ej ω
2 ) − Pxx(ej ω−2π

2 )W (ej ω−2π
2 )
)

D odd
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The PSD of a real-valued WSS process is a real and positive function offrequency. Thus,∠Pxx(ejω) = 0.

If the condition∠W (ej ω
2 ) = ∠W (ej ω−2π

2 ) holds, we can simplify the above equation to get

∠Pv0v1
(ejω) =





−Dω

2 + ∠W (ej ω
2 ) D even

−Dω
2 + ∠W (ej ω

2 ) + ∠

(
Pxx(ej ω

2 )
∣∣∣W (ej ω

2 )
∣∣∣− Pxx(ej ω−2π

2 )
∣∣∣W (ej ω−2π

2 )
∣∣∣
)

D odd

In the above expression, the terms within the brackets are real. Thus, the phase contribution of the bracketed

terms is either zero orπ.

APPENDIX II

PROOF OFTHEOREM 2

Consider the block diagram shown in Fig. 7. Whenx(n) ∈ ℓ2, the Fourier transformsV0(e
jω) and

V1(e
jω) of the low-rate signalsv1(n) andv2(n) exist and can be expressed as

V0(e
jω) =

1

2
[H0(e

j ω
2 )X(ej ω

2 ) + H0(e
j ω−2π

2 )X(ej ω−2π
2 )],

V1(e
jω) =

1

2
[e−j ω

2
DH1(e

j ω
2 )X(ej ω

2 ) + e−j ω−2π
2

DH1(e
j ω−2π

2 )X(ej ω−2π
2 )].

The Fourier transformsU0(e
jω) andU1(e

jω) of the synthesized signalsu0(n) andu1(n) can be written as

U0(e
jω) = F0(e

jω)V0(e
j2ω),

U1(e
jω) = ejωDF1(e

jω)V1(e
j2ω).

Finally, Y (ejω) = U0(e
jω) + U1(e

jω). It is straightforward to combine the previous four equations and

expressY (ejω) in terms of thetrue spectrumX(ejω) and theimage spectrumX(ej(π−ω)) as follows

Y (ejω) =
1

2
A(ejω)X(ejω) +

1

2
B(ejω)X(ej(π−ω));

where

A(ejω)
△
= [F0(e

jω)H0(e
jω) + F1(e

jω)H1(e
jω)],

B(ejω)
△
= [F0(e

jω)H0(e
j(π−ω)) + ejπDF1(e

jω)H1(e
j(π−ω))].

A necessary condition for perfect reconstruction is that terms pertainingto the image spectrumX(ej(π−ω))

are completely eliminated in the output. That isB(ejω) = 0. Another necessary condition is thatA(ejω)

becomes a non-zero constant. The condition thatB(ejω) = 0 is possible for all values ofD ∈ Z only if
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bothF0(e
jω)H0(e

j(π−ω)) = 0 andF1(e
jω)H1(e

j(π−ω)) = 0 for all ω. To satisfy the latter condition, the

productsF0(e
jω)H0(e

jω) andF1(e
jω)H1(e

jω) should not vanish simultaneously. Using logical notation

we can write these necessary conditions in the compact form:

F0(e
jω)H0(e

jω) = 0 XOR F1(e
jω)H1(e

jω) = 0 (25)

F0(e
jω)H0(e

j(π−ω)) = 0 AND F1(e
jω)H1(e

j(π−ω)) = 0 (26)

Let Γ
△
= [0 π

2 )
⋃

(π
2 π]. Denote byΩ the set of all frequencies inΓ for whichF0(e

jω) is identically zero and

defineΩ
△
= Γ − Ω. In other words, assume

F0(e
jω)

△
= 0, ω ∈ Ω, (27)

F0(e
jω) 6= 0, ω ∈ Ω. (28)

It follows from (25) that the synthesis filtersF0(e
jω) andF1(e

jω) cannot vanish at the same frequencies.

They cannot be both nonzero at the same frequency either. The reason is that if they become nonzero at the

some frequencies, (26) will require thatH0(e
j(π−ω)) andH1(e

j(π−ω)) both be zero at those frequencies.

This implies thatH0(e
jω) andH1(e

jω) will vanish simultaneously and therefor contradicts (25). Thus, in

summary,F1(e
jω) should vanish whereverF0(e

jω) is nonzero and vice versa:

F1(e
jω) 6= 0, ω ∈ Ω, (29)

F1(e
jω) = 0, ω ∈ Ω. (30)

To satisfy (27)-(30) along with the original conditions in (25) and (26), itis further required that

H1(e
jω) 6= 0 AND H1(e

j(π−ω)) = 0, ω ∈ Ω, (31)

H0(e
jω) 6= 0 AND H0(e

j(π−ω)) = 0, ω ∈ Ω. (32)

The above conditions can be satisfied only if

ω ∈ Ω =⇒ π − ω ∈ Ω AND ω ∈ Ω =⇒ π − ω ∈ Ω (33)

which is possible only ifΩ = [0 π
2 ) or Ω = (π

2 π]. Thus, to satisfy (31) and (32) simultaneously it is required

thatΩ = [0 π
2 ), Ω = (π

2 π] or Ω = [0 π
2 ), Ω = (π

2 π] and that

H0(e
jω) = 0, ω ∈ Ω, (34)

H1(e
jω) = 0, ω ∈ Ω. (35)
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APPENDIX III

PERFECT RECONSTRUCTION LINEAR-PHASE FILTER BANKS

In the following, we define the classPN of perfect reconstruction linear-phase analysis filters used in

Example 4, Section II-C. Two-channel filter banks whose analysis filtersare both linear-phase and FIR were

introduced by Nguyen and Vaidyanathan [32]. These authors considered several classes of such filters for

which the associated synthesis filter bank is FIR as well. Our presentation here is very brief and is intended

for completeness. The reader is referred to [32] and [5, Chapter 7] for details.

Consider the two-channel analysis/synthesis filter bank shown in Fig. 2 and assume thatD is zero. Recall

that the analysis filtersH0(z) and H1(z) can be compactly represented by the transfer vectorh(z)
△
=

[H0(z) H1(z)]T and thath(z) can be factored ash(z) = E(zM )e(z). In this factorization,e(z) , [1 z−1]T

andE(z) is a type-1 polyphase matrix. The classPN of two-channel analysis filter banks is defined as those

filter banks for which the following conditions are satisfied:

1. The filtersH0(z) andH1(z) are of lengthN
△
= 2(K + 1), whereK ∈ Z

+ is fixed. In other words,

E(z) is FIR of orderK.

2. The matrixE(z) has the factorization

E(z) = AKD(z)AK−1D(z) . . .D(z)A0 (36)

where

D(z)
△
=



1 0

0 z−1



 (37)

and

Ai
△
=



1 θi

θi 1



 0 ≤ i ≤ K − 1,

Ai
△
=



1 1

1 −1



 i = K.

(38)

One can verify that the above conditions result in analysis filter banks forwhich the impulse response

of one filter is symmetric while the impulse response of the other is anti-symmetric. Thus, H0(z) and

H1(z) will have linear phase. Furthermore,|∠H0(e
jω) − ∠H1(e

jω)| = π
2 . The filters inPN allow perfect

reconstruction with an overall delay ofK + 1 samples. Perfect reconstruction is achieved by FIR synthesis

filters which are obtained by first constructing the adjoint polyphase matrix
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R(z) = A
T
0 C(z)AT

1 C(z) . . .C(z)AT
K (39)

where

C(z) =



z−1 0

0 1



 . (40)

The synthesis filtersF0(z) andF1(z) are then calculated from

[
f0(z) f1(z)

]
= e

T (z)R(zM ). (41)

The filter banks in the classPN are parameterized by theK free parametersθ0 to θK−1. These parameters

may be optimized such that certain frequency response requirements are satisfied or at least approximated.

The analysis filters introduced in Example 4, Section II-C, were chosen to be in the classP1. The filters in

this class are parameterized by only one parameterθ0. For the analysis filters introduced in Example 4, this

parameter was set to78.04. This particular value was obtained by minimizing the objective function

γ =

∫ ωpass

0

(
1 − |H0(e

jω)|
)2

dω +

∫ π

ωstop

|H0(e
jω)|2dω

+

∫ π

ωstop

(
1 − |H1(e

jω)|
)2

dω +

∫ ωpass

0
|H1(e

jω)|2dω (42)

with ωpass = 0.45π andωstop = 0.55π. This objective function reflects the mean-square deviation of the

frequency responses of the filtersH0(z) andH1(z) from ideal low-pass and high-pass responses, respec-

tively7.

7Making H0(z) low-pass andH1(z) high-pass is a traditional design in filter bank literature. Whether this design has any

particular merit for sensor filter applications is not known.
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