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Abstract

This paper studies the basic design challenges associdttednwitirate sensor arrays. A multirate
sensor array is a sensor array in which each sensor node aupates a low-resolution measurement to a
central processing unit. The objective is to design theviddal sensor nodes and the central processing
unit such that, at the end, a unified high-resolution measent is reconstructed

A multirate sensor array can be modelled as an analysisiittek in discrete-time. Using this model,
the design problem is reduced to solving the following twoljem: (a) How to design the sensor nodes
such that the time-delay of arrival (TDOA) between the sensan be estimated using the low-rate data
sent by them? (b) How to design a synthesis filter bank to fosdaw-rate data sent by the sensor nodes
given the TDOA?

We show that it is possible to estimate the TDOA between theas if the analysis filters incorporated
in the array satisfy specific phase-response requiremérgshen provide practical sample designs which
satisfy these requirements. We prove, however, that a fixethesis filter bank can not reconstruct the
desired high-resolution measurement for all TDOA values.a&esult, we suggest a fusion system which
uses different sets of synthesis filters for even and odd T&@#Anally, we use thé{., optimality theory

to design optimal synthesis filters.

. INTRODUCTION

In recent years there has been an emergence of several new thstrfmmsing concepts. In particular,
distributed sensor arrays incorporating a large of number of tiny, imsiype sensors interconnected via
wireless data networks have attracted considerable attention [1], [2h r@&iworked sensor arrays can, in
principle, provide enhanced spatio-temporal sensing coverage inthatyare either prohibitively expensive
or simply impossible using conventional sensing assets. However, smaliequensive sensing nodes are
inherently constrained in computation and communication capabilities. Furtherprime, power consump-
tion, and network data rate limitations prohibit individual sensor nodes &ocquiring and/or transmitting
high-resolution measurement data. Effective application of such setisos, requires multirate signal pro-
cessing techniques whereby a unified high-resolution measurementligpbfrom the low-resolution data
communicated by individual sensor nodes. A simple two-node multirate seystem is described in the
following example.

Example 1:Consider the setup in Fig. 1(a). Her€}) denotes the signal arriving at the reference sensor
node. This signal is the object of measurement. Assuming that attenuatigtigghie and the environment

is non-dispersive, the signal received by the second sensdt is A) whereA represents the unknown
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Fig. 1. (a) A two-node multirate sensor array system. Each sensersamdples and communicates data at only half of the Nyquist
rate required to discretize the signgk) faithfully. The objective is to design the sensor nodes and the recotistrggstem at the
receiving end such that the signdlh) reconstructed at the receiver is a replica of the direct high-samplilegareasurement(n)

shown in (b).

time-delay of arrival (TDOA) in seconds. Each sensor node includestarnal filter H;(s) chosen by
the system designer, a sampling device and a digital transmitter. The diSoretsignalsv;(n), i = 0,1,
produced after sampling are communicated via a digital communication networ& tetitral station for
processing.

Assume that the effective bandwidth:aft) is W Hz. Thus, the minimum (Nyquist) sampling frequency
needed for aliasing-free discretizationadf) is f 2 ow. Assume, however, that the sampling devices in
the sensor nodes work #t/2 due to transmission rate limitations imposed by the communication network.

!For simplicity, the quantization effects inherent in the digital transmissiorigmered. Also, the measuremenign) are
assumed to be decoded at the receiver in such a way that their relatitlersnization is preserved. If there is a time-delay of

transmission, its value should be considered while calculating the TDOA iretieéver.
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Fig. 2. Discrete-time filter bank model of the multirate sensor array shiowiy. 1(a).

The central processing unit receives baifn) andv; (n) at sampling rat¢; /2. It then uses a reconstruction
system to fuse;(n) and generate a synthetic signéh) with sampling ratefs.

The design objective is to make the synthesized sigta) a (possibly delayed and scaled) replica of
z(n), wherex(n) denotes the continuous reference sign@) sampled at the Nyquist rate (Fig. 1(b)). In
other words, the multirate sensor array should be designed such(that cz(n — T,;) wherec # 0 and
Ty € N are constants. &

If we assume that TDOA is an integer multiple of the Nyquist sampling period,igh#tA 2 D/fs,

D € Z, then the sensor node model shown in Fig. 1(a) can be discretized deadiiter bank model shown
in Fig. 2. This model clearly shows the relation between the synthesized repssuy(n) and the desired
(but unavailable) high-sampling-rate measuremént). WhenA is not an integer multiple of the Nyquist
sampling periodl/ f,, the transfer function =" in Fig. 2 has no formal meaning. However, sincg)

is assumed to be bandlimited W& = f5/2 Hz, it can be interpreted in light of the following generalized

interpolation formula [3, Sec 3.5], [4, Sec 4.2.2]:

[ee]

Y(z)=2"X(z) & yn)= > z(k)

k=—o00

sin(m(n — D — k))
m(n—D —k)

Based on the discrete-time model shown in Fig. 2, designing a multirate seresoreqjuires solving the
following fundamental problems:
Problem 1—Sensor Node Desigbesign the equivalent filterd;(z) such that
(a) the TDOAD can be estimated in the central processing unit from the low-rate meastseniern
sent by the sensors.
(b) the analysis filter bank shown in Fig. 2psrfect reconstructioffior all TDOA values. That is, there
exist a causal and stable synthesis filter bank with inplt) and outputy(n) such that, for allD,

y(n) = cx(n — T,;) wherec # 0 andT, € N are constants.
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Problem 2—Reconstruction System Desi@iven the low-rate measurement$n) received by the cen-

tral processing unit,
(a) estimate the TDOA.
(b) find a causal and stable synthesis filter bank to reconstfugtfrom v;(n).

In recent years, extensive research has been conducted ondittes &hd multirate signal processing [5],
[6], [7]. However, TDOA estimation from low-rate signals and recorwtam problems involving TDOA
have not been considered. In this paper, we focus on solving Protilems 2 for the basic case where the
array consists of only two sensérsn our experiments and simulation examples, we will use microphones
as sensing devices and sound as the object of measurement. Howevgaipdr’'s theoretical results are
quite general and applicable to many other sensing situations as well. Soneeesdtiits in this paper were
presented in our conference paper [8].

The material in the rest of this paper are organized as follows: In Settiwa provide a brief background
on TDOA estimation using the generalized cross-correlation technique, Weederive conditions on the
analysis filters used in the sensor array so that this technique can bedaopl@v-rate measurements
as well. We introduce sample designs and provide experiments to illustrate é¢isat designs produce
reliable TDOA estimates in practice. Section Il is devoted to the technicalgmsbthat arise because of
TDOA when one tries to simulate a high-resolution measurement from loweag®sdata. In Section IV
we useH, optimality criterion and design synthesis filters which guarantee precisidgonfusder all
TDOA circumstances. The paper concludes by summarizing the result$sendsing some open issues in

Section VI.

Notation: Vectors are denoted by capital or boldface lower-case letters. Beld&gital letters are reserved
for matrices. We use the notatigﬁ when two quantities are related by the discrete-time Fourier transform.
The expected value of a random variables denoted by={x}. The symbolé is used to indicate that two
guantities are equal by definition. The Hilbert space of square-summabklete-time signals is denoted
by /5. In diagrams, solid lines are used to represent analog signals whetea$lthes denote discrete-time
signals. The end of an example is marked using the syfbol

2Generalizing the results tV-node multirate arrays is left for future research.



Il. TIME-DELAY ESTIMATION IN MULTIRATE SENSORARRAYS
A. Introduction

TDOA estimation arises in a variety of fields, including sound localization aodgssing using micro-
phone arrays [9], [10], [11]. As a result, various algorithms havenbageveloped for the estimation of

TDOASs between two signals. The general discrete-time model can be stdtatbes:

uo(n) = z(n) + so(n) (1)

ui(n) = x(n — D)+ s1(n) 2)

wherewuy(n) andu,(n) are the two signals at the observation points (i.e. sensefs), is the signal of
interest that is referenced (zero time-delay) according to the firsbsand will have a delay ob by the
time it arrives at the second sensor, agth) ands; (n) are the (possibly dependent) noises of the first and
second sensors, respectively.

The goal of TDOA estimation is to estimategiven a segment of data obtained from each sensor, without
any prior knowledge regarding the source sign@t) or the noises. This problem has been extensively
explored in the past, and depending on the application at hand, diflggpridaches have been proposed [9],
[11]. For a basic introduction to the TDOA estimation problem as well as argkration of the widely used
cross correlation based class of algorithms, the reader is referred]td]2]. Further analysis of TDOA
estimation for microphone arrays is performed in [9], [13].

The most commonly used TDOA estimation algorithm is the cross correlation bad®tique, which

has been widely used for a long time and generalized in [11]. The geregtapproach is defined below:

D = argmax / Q%) Uy (e72) U (£) =3P diy @3)

whereUy(e’*) andU; (¢/%) are the discrete-time Fourier transforms of the signgi) andu, (n) respec-
tively andQ(e’*) is a cross-correlation weighting function.

While various weighting functions have been proposed in the past @]1fdr microphone array based
TDOA estimation, the PHAse Transform (PHAT) or whitening filter weightscammonly used due to the

robustness of the resulting technique to reverberations [9], [14].gUk#PHAT weighting function:

jwy — 1
U= et @




the following PHAT form of the cross correlation is obtained:

~

D = arg mgx/cos (wD — (LUp(e?*) — éUl(ejw))) dw (5)

The PHAT technique will be used for TDOA estimation in this paper. While thezengany alterna-
tives to this approach, PHAT was chosen because of its widespredorusierophone array based TDOA

estimation as well as its robustness to reverberation artifacts.

B. PHAT for low-rate signals

In this section we show that under certain conditions, the unknown time delegn be estimated by
examining the phase of the cross spectral density (T3D) (¢’“) of the low-rate signalsy(n) andv; (n).
Our key result is stated in the theorem below.
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Theorem 1:Assume that the TDOAD is an integer and lelV (e/“) = Hy(e“)H; (e¥) where Hy(2)

andH, (z) are the analysis filters shown in Fig. 2.4 (e’2) = ZW (/"= %)), then

LB () = —-D% + ZW(eiz:) D even
—Dg +ZW(e2 )+ Aw)r D odd
where)(-) is a binary-valued function af assuming the valugsand1 only.
Proof: See Appendix I. |

The above theorem shows that, under suitable conditions on the phasaaégtilisis filters, the time delay
D can be recovered by examining the phase of the cross spectral dditiséyaw-rate measuremenig(n)
andvy (n). In practice, one has to start with an estimalg,, (¢/~') of the cross spectral density of the low-
rate measurements. The estim&e,, (¢/) can be obtained using any of the standard spectral estimation
methods [15], [16]. TheMonvl(ejw) is used to calculate an estimafeof the actual time delayp) by

maximizing the PHAT integral

D = arg mgx/cos <—D% — (LPyy, (e7%) — LW(e]%))) dw. (6)

w
In principle, PHAT is a nonlinear regression method which fits the linear mede} to the data rep-
resented by/P,,, (e/¥) — ZW(e’Z). If D is even and the available estimalig,,, (¢7*) is accurate,

then Theorem 1 shows thatP,,, (e/) — ZIW(e’2) will be close to the linear function-D%. In this



case, the PHAT integral (6) produces accurate TDOA estimates. \WWherodd, Theorem 1 indicates that
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is representative of the sign ambiguity which occurs in the determining the i@, ,, (e’). As can be
seen from the expression abowé.) depends on the input signal statistics throdgl(e’).

In principle, it is possible to estimat@,..(e/“) from vo(n) andv;(n) using the technique described in
[17] and then estimat&(w) from (7). However, we do not follow this possibility here due to its very high
computational burden. Instead, we choose to ignore the k¢t while calculating the PHAT integral.
Our rationale is that for most sensor array applications (e.g., microphomgsy the low-frequency half of
the spectrum hugely dominates the high frequency half in terms of enesgg.résult\(w) will be equal
to zero much more frequently than 1. This makes the overall contribution ¢étire (w)r to the PHAT
integral (6) negligible. We will demonstrate the general validity of this assumjni&ection II-D where
we present actual TDOA estimation experiments. There, we will providescalere this assumption fails

to hold as well.

Remark 1:The results of Theorem 1 remain valid even when independent noise cemigs,(n) and
s1(n) are added to the input signatén) andx(n — D), respectively. However, if the noise sourcgén)
and s;(n) are correlated, an extra term (which depends on the cross-corretaforeen the two noise
signals) will be added to the right hand side of (22). This will introduceitamihl terms in the phase of
Py, (€7¥) and, hence, bias in the estimationlof Our experiments with microphone arrays showed that
nominal room noise (air conditioning systems, etc. resulting in 20dB SNRhbambticeable effect on the

accuracy of TDOA estimates (See the experiments in Section II-D).

Remark 2: The TDOA estimato) given by (6) is robust and does not collapse if the actual TDOA is not
an integer multiple of the sampling interval. In fact, Theorem 1 is valid for theintager case too provided
that the term\(w) in its statement is replaced by a general ambiguous phase term. This amtiguous
can be neglected if the spectral domination condition discussed befottisfieda In this case, the TDOA
estimation procedure is the same as before except that, now, the seatich fo which maximizes the

PHAT integral (6) should include non-integer values as well.



C. Choosing the sensor filters

In order to use the PHAT integral (6) as a valid estimatoDofone should use sensor filtefg (z) and

H,(z) whose phase response satisfy the symmetry condition
2 (Ho(e7%)Hi(¢7%)) = £ (Ho(e/ ™) Hy (/7 5)) ®

required by Theorem 1. Several classes of filters satisfy (8). Ftarios, the reader may observe that if
Hy(z) and Hy(z) are linear-phase, FIR and with the same lenjththen / Hy(e’“) Hf (¢/*) becomes a
constant which, in turn, implies (8). It is possible to satisfy (8) by usintagetypes of IIR filters as well.

In the examples that follow, we present three representative choicég fe) and H;(z).

Example 2—Linear-phase FIR filter&inear-phase FIR filters with good frequency selectivity can be de-
signed using a variety of methods, most notably the weighted-ChebysheadradtRParks and McClellan
[18]. In programming this method, an error function is formulated for thérel@samplitude response in
terms of a linear combination of cosine functions and is then minimized by usingy &ffieient multivari-
able optimization method known as the Remez exchange algorithm [19], [2Q5Th

We used the MATLAB functiorremez which implements the Parks-McClellan algorithm to obtain a
low-pass filterH(z) with symmetric impulse response of length= 9. A high-pass filterH; (z) of the
same length whose amplitude response is the mirror-imadé, 6f) was obtained by simply replacing
in Hy(z) with —z. The amplitude responses 8 (z) and H; (z) are shown in Fig. 3(a) where their phase
responses are depicted in Fig. 3(b). The amplitude and pha&g(ef) H; (=) for the filters designed in
this example are shown in Fig. 4 (a) and (b). As can be seen from Fi.thése filters satisfy the phase

symmetry condition (8) perfectly. &

Example 3—Bessel IR filterdn general, it is not possible to achieve linear phase response with IIR
filters. However, it is possible to design IIR low-pass and high-passsfiligfz) and H; (z) such that the
productHy(z)Hy(z) has linear phase. This can be achieved, for instance, using semterdBaitterworth
filters. Another approach is to design almost-linear-phdse:) and H; (z) by discretizing analog Bessel
filters via the impulse-invariant transformation. Here, we opt for the lattercgeh.

For the purpose of this example, we used the MATLAB functi@sself to design ar8-order analog
Bessel filter with cutoff frequency of 40Hz. Then, we discretized it gisire MATLAB functionimpinvar
at a sampling frequency of 20 Hz to obtain the low-pass fikg(z). A high-pass filterH;(z) of the

same order was obtained by replacinin Hy(z) with —z. The amplitude responses 8 (z) and H;(z)

9



are shown in Fig. 3(c) where their phase responses are depicted B(&ig.The amplitude and phase of
Hy(z)H; (=) for the Bessel filters designed in this example are shown in Fig. 4 (c) antt {8l clear from

Fig. 4(d) thatH(z) and H;(z) obey (8) with a good approximation. &

Example 4—Perfect-reconstruction linear-phase FIR filteksalysis/Synthesis filter banks for which it
is possible to reconstruct the input signal (within a scale factor and a)datayknown asperfect re-
construction(PR) filter banks [5]. An interesting class of PR systems is based on |pteme FIR fil-
ters. In this example, we use the filtelg (z) = 0.0091 + 0.7070z~" + 0.7070z~2 + 0.0091z~3 and
Hy(z) = 0.0091 + 0.7070z~% — 0.70702~2 — 0.00912~2 which belong to the PR clagd; introduced in
Appendix lll. The amplitude and phase responsef@fz) and H; (z) are shown in Fig. 3 (e) and (f). The
amplitude and phase response of the product fiigfz) H; (z) are shown in Fig. 4 (e) and (f). Clearly,
Hy(z) andH,(z) obey (8) perfectly. &
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Fig. 3. Amplitude response and phase response of various sengsrHiltez) and H, (z) introduced in Section II-C. (a) and (b):

ordinary linear-phase FIR filters. (c) and (d): Bessel IIR filtery afed (f) perfect reconstruction linear-phase FIR filters.
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Fig. 5. (a), (b): The microphone array setup at the Artificial Percagti@mboratory, University of Toronto. (c) The reference

speech signat(n) recorded by Microphone No. 3 in the array. The array was receifiegoice of a female speaker saying the

sentence “Edward S. Rogers Sr. Department of Electrical and Gemipagineering”. (d) The spectrogramafn).

D. Multirate TDOA estimation experiments

In this section, we present actual multirate TDOA estimation experiments thpouhe theoretical
results of Sections 1I-B and II-C. Our experimental setup is shown in3a). and (b). A female student
spoke the sentence “Edward S. Rogers Sr. Department of Electrd@@mputer Engineering” in front of
a microphone array standing at the location specified in Fig. 5(b). Thalsgriving at each microphone
was sampled at 20 KHz and recorded for about 4 seconds.

We used only two microphones in the microphone array (No. 3 and No. ig.olitput of microphone
No. 3 was used as the reference sigr@l). This signal and its spectrogram are shown in Fig. 5 (c) and (d),

respectively. The signal recorded by microphone No. 5 was use& agtiond input. We used the example
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analysis filters described in Section 1I-C to filter these signals and then-dampled the results to obtain
vo(n) andvy (n). An estimateP,,,, (/) of the cross spectral density of the low-rate observatigfis) and
v1(n) was obtained by using the MATLAB functiarsd. This function estimates the cross spectral density
of two signals using Welch’s averaged periodogram method (see, &])., The parameters of the function
csd were chosen such that it would operate as follows: First, the sigpéls andv;(n) were divided
into overlapping sections of length 1024 and then each section was widdiyngevon Hann window. The
overlap length was set to 512. Several overlapping sections would dditstock”. The products of the
DFTs of the sections afy(n) andvo(n) which were in the same block were averaged to fatq,, (¢/)

for that block. The block length was set to 4096.

The above procedure provided us with a short-time cross spectrum edtimadéeh block (4096 samples
or about).4 seconds) of the low-rate measurements. We used this estimate to calculat&desTra&hsform
integral

/COS (—D% — (L Py, (€7%) — ZW(ej%))> dw. 9)

w

for each block and for all delay valugs from -40 to 40. This process, which we call short-time PHAse
Transform, was repeated until all the blocks in the signg(s) andvy(n) were covered. In Fig. 6, we have
used shades of gray to depict the numerical value of the integral inr(8) flocks in the signalsy () and
vo(n) and for—40 < D < 40. For each block, thé value which maximizes the integral in (9) (i.e. the
one which has produced the brightest color) represents the time delaytesfirfar that block. Fig. 6 also
shows the value of the integral (8) as a function/bfiveraged over the entire length of the signalg:)
andwo(n). The D value which maximizes this quantity represents the TDOA estimate for the entied>sign
The plots in Fig. 6 show thab = 13. This value was validated with estimates obtained from the original
(full-rate) microphone signals.

Remark 3:Note that the in the above experiments, the TDOA value is odd which means dse ph
Py, (¢/*) contains the ambiguous componerilv)r. Recall that in the odd TDOA case, the PHAT esti-
mator is guaranteed to work only if the spectrum dominance condition mentiosediion 11-B is satisfied.
This condition is not satisfied for the blocks centered at 0.5, t = 1 andt = 2.75 since these blocks
contain strong components in both high and low frequencies (see Fi. 5t short-time PHAT plots in
Fig. 6 (a) and (c) do not show a prominent peak for these blocks. Tditsates the failure of the PHAT-based
TDOA estimation for these blocks in agreement with our theory.

30f course this assumes thAtremains constant during the recording.
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Fig. 6. TDOA estimation results using the filteli® (z) and H, (z) described in Section II-C. Each row shows Short-time PHAse

Transform results in the left and PHAse Transform averaged ovesrttie signal on the right. (a) and (b): ordinary linear-phase

FIR filters. (c) and (d): Bessel IIR filters. (e) and (f) perfectaestruction linear-phase FIR filters.
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Fig. 7. Reconstructing a high-rate measurement using a standarasigriitter bank equipped with an advance bladk to

compensate for the TDOA.

1. FUSION OFLOW-RATE SIGNALS IN THE PRESENCEOF TIME DELAY

In this section we focus on the second fundamental problem of multiraterssmay design (Problem 2,
Section ). Except from the delay bloek ”, the sensor model shown in Fig 2 is a standard two-channel
analysis filter bank. It seems reasonable, therefore, to use a stayudndsis filter bank equipped with a
compensatingdvance block?” to reconstruct the signai(n) from the low-rate signals;(n) (Fig 7).

Theorem 2:The multirate analysis/synthesis system shown in Fig 7 can achieve perfecistruction

for all values ofD only if

Hy(e?%) = Fy(e’) =0, Yw e N

Hy () = Fi(e*) =0, Yw e

whereQ2 = [0 ) and() = (5 =] or the other way around.
Proof. See Appendix . |

Unfortunately, the frequency responses that satisfy the conditionseafrf€m 2 can not be realized using
FIR or IIR structure$. In practical terms, this means it is not possible to achieve perfect regotisn for
all TDOA values by using a fixed pair of synthesis filters in the structure shovdig 7. One, therefore,
has to use different pairs of synthesis filters for different TDOA w&lue

Let's write the TDOAD asD = 2K + D whereK € Z andD € [0,2). In this case, the delay
block in the sensors’ filter bank model (Fig. 2) can be decomposed intaegeim even, delay 2% and
a residual dela)z—D. 272K commutes with down-sampling and up-sampling operation. Thus, it can be
readily compensated for in the receiving end by adding an equivaléyt ¢e?X to the other channel. The

“Note that realizable filters have rational transfer functions which caa baly a finite number of transmission zeros in their

frequency response. Theorem 2, however, requires zeronmssjpeer a continuous range of frequencies.
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residual parb*D, however, does not commute with the down-sampling or up-sampling blobks, When
designing the fusion system, we have to consider it along with the fili¢r) in Fig. 7. In other words,
Hy(2) subsumes—2 as shown in Fig. 8.

WhenD is different from 0 or 1, the transfer functian? cannot be realized using a finite-order physical
system. In this case, one must approxirmat@ by a finite-order rational transfer function. This can be done
by using the classic Padchpproximation [21] or other more recent techniques [22], [23].

OncezP is approximated and combined witl (z), a synthesis filter bank must be designed to recon-
structz(n) (Fig. 8). The synthesis filterg,(z) and F} (z) depend onD. Thus, they must be designed (in

real time if needed) after the TDOA is estimated.

x(n) y(n)
. | Ho@ --»lz ARG +T2 ------ - @ = e
Y A
1
Z-ZK i
T e lgi () :
oD e @ p| 2 e S Af2 e ~ F@ Lol l
Filter Design
Algorithm
TDOA D
Estimator K

Fig. 8. The structure of the central fusion system along with the analysisfiltek model used for designirig (z) and Fi(z).

IV. DESIGNING THE SYNTHESISFILTERS

The synthesis filters in Figs. 8 should be designed such that the recgedtsignaly(n) resembles
the desired reference signaln) as closely as possible (within, perhaps, a scale factor and a delay). An
efficient way to do this is the model-matching technique first proposed byogh24d], [25] in the context
of multirate systems. Here, we use an elegant variation of the model-matchporgpap due to Chen and
Francis [26]. These authors usid, optimization theory to minimize th&-induced norm between a pure
delay system and the multirate system at hand. A version dfitheptimization method which uses linear
matrix inequalities (LMIs) and achieves reduced-order solutions hasreeently proposed by Li and Kok
[27].
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A. Synthesis filter bank design usikg, optimization

H~ optimization is central in modern control theory [28], [29], [30]. The tHaspaceH,, consists
of all complex-valued function#/ (z) that are analytic and bounded outside the unit disc, that is- 1.
ThereforeH is the space of transfer functions of causal and LTI systems whichadye $n the bounded-
input, bounded-output (BIBO) sense. The norm of a multi-input multi-dutpnsfer functiorH (z) € Heo

is defined as the peak magnitude of its maximum singular value on the unit circle:
A e
|[H||oo = sup omaz[H(e?)]. (10)

If H(z) is the transfer function of a stable, causal LTI system with ifp(t) of dimensionmn and output
Y (n) of dimensionp, so thatH(z) is p x m, then the induced norm from the input spdgeto the output
space/h equals théH.-norm of H(z). That is,
sup |[Y[2 = [[H||o (11)
IX[l2=1

where the norm of a sign&l (n) in /3" is defined to be

e (Z XT<n>X<n>> . (12)

Now, consider the analysis/synthesis filter bank shown in Fig. 8. Beadule down-sampling and up-
sampling operations, the system which relates the output signalto the input signak(n) is, in general,
a linear periodically time-varying (LPTV) system. Thus, it does not admitrestea function. However, we
can “block” the input and output signals to obtain an LTI input-output\ejant system. This latter system

has the two-dimensional input and output

A T A

X(0)2 [a2n) 220+ 1] Y 2 [y2m) yn+1)] 13)

and a2 x 2 transfer matrix which we denote /(z).
To find an expression foP(z), we have to use thpolyphase representatidi®] of the analysis and
synthesis filters. Let us represent the analysis filté§6z) and H;(z) compactly by defining the transfer

vectorh(z) 2 [Ho(z) Hy(2)]". Itis possible to factoh(z) as the product of @ x 2 transfer matrixg(z)
and a delay vecta#(z). Thatis,

h(z) = E(z%)e(2) (14)
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wheree(z) = [1 z71]T. The matrixE(z) is called thetype-1 polyphase matrixssociated with the analysis
filter bankh(z). Similarly, the synthesis filters can be represented in the compacf’(m)naA: [Fo(z) F1(2)]
which, in turn, may be factored as

el (2)R(Z?). (15)

The matrixR(z) is called atype-2 polyphase matrixJsing the polyphase notation, it is straightforward to
show that

P(z) = R(2)E(2). (16)

Our objective is to design the synthesis filtég z) and F1 (z) given the analysis filter&(z) andH1 (z),
and a tolerable delay,; € Z, such thaty(n) is “as close as possible” to(n — T};). This objective can be
made precise by defining tlegror signale(n) 2 y(n) — z(n — T;) and then minimizing theerformance
measure

A
J = sup |lef| (17)
lz]|=1

which measures the worst-ca&einduced norm from the input signaln) to e(n). Blocking preserves,

norm, that is, the norm of a signal a is equal to the norm of its blocked versiondi. Using this fact and

(11), it can be shown that [26, Theorem 2.1]

J =||C - RE||« (18)
where o
10 _
z7k L if Ty =2k+1,
A 0 1
C(z) = = A (19)
0 z )
z7k . if Ty =2k.
10

Based on the above result, our design pro_blem_can be precisely stéddwas: Given causal and stable
(FIR or lIR) analysis filtersHy(z) and H;(z) and given a tolerable overall deldy;, find causal, stable
[IR synthesis filterdy(z) and F1(z) such that/ is minimized. The optimum performance measugg is
therefore

Jopt = inf sup |le|]la = inf C - RE||x- (20)
0= it s el =t | H

The latter optimization is a standakl,, model matching problem and can be solved using existing software
tools, e.g. the:-Analysis and Synthesis Toolbox of MATLAB. For reader’s convenertheH .-optimal

synthesis filter design procedure is outlined in Algorithm 1.
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Algorithm 1: H,-optimal synthesis filter design

Input: The analysis filters Hy(z) and H;(z), and the tolerable system delay 7.
Output: The synthesis filters Fyy(z) and F;(z), and the worst-case reconstruction error J,,;.

Procedure

1. Construct the polyphase matrix E(z) associated with the analysis filters Hy(z) and
Hl(z)
2. Construct the delay matrix

L if Ty=2k+1,

Cif Ty =2k

>
— [an)} o —
=

3. Find Ry (2) € Hoo Which minimizes J = ||C — RE|| .
4. Return [Fy(z) Fi(2)] = €T (2)Ropi(22).
5. Return J,p: = ||C — Rop El|oo-

The MATLAB function that solves the{, optimization in Step 3 of Algorithm 1 iBi nf syn. To apply
this function one has to reformulate the model matching problem at hand asruows-timeH ., controller
design problem in the state-space. The solution is calculated as a contlimnelstate-space realization as
well. This realization must be converted to the transfer matrix format andetiized to produc® ;. (z).
Details of this process are described in [26, Section I11].

The order of the transfer matriR,,(z) depends on the dimension of the state-space models supplied
for E(z) andC(z). In practice, the state space models Efz) andC(z) tend to have high dimensions,
resulting in high-order solutions fd,,:(z) and, in turn, synthesis filtef§; (=) of unacceptably high order.

To circumvent this difficulty, we used the MATLAB functisslysbal ® to calculate a truncated (reduced
order) realization of the state-space solution providedibyf syn. The resulting reduced-order model was

then discretized and converted to the transfer matrix format tRggtz).

5This function calculates the optimal (in the sense of minimum Hankel norméted approximation to a system model. We
used the recommended (default) values for the approximation ereerth®;.-Analysis and Synthesis Toolbox User’s Guide for

details.
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B. Example designs for the integer TDOA case

In the special case thdd assumes integer values only, two pairs of synthesis filters are sufficient f
all TDOA circumstances. This is because, in this cdsés either 0 or 1. Here, we provide three design
examples for this simple case assuming that the sensor filters are thoseadesi§ection 11-C.

TheH-optimal synthesis filters(z) and F (z) (designed for even- and odd-TDOA values separately)
are shown in Fig. 9. The total system delBywhich was chosen for each case is also quoted in this figure.
The worst-case reconstruction error naofgy; for the synthesis filter bank pairs depicted in Fig. 9 are shown
in Table I.

The figures reported in Table | are quite impressive once we note thaet¢beastruction error norm
Jopt rEPresentshe worst-case scenarand the actual reconstruction error for a concrete case can be much
less. Moreover, the reader is reminded that the peak reconstructan/gyr depends on both the analysis
filters and the value chosen f@j. In general,J,,; decreases &g, increases. Graphic depictions of this
phenomenon can be found in Chen and Francis [26]. These authorgralse the predictable result that
if the polyphase matridE(e’*) is nonsingular for all, thenlimy, .o Jopr = 0. In this case, arbitrary
good reconstruction would be possible if a sufficiently large time delay is tet€rdn our experiments, we
were able to achievd,,; < —80dB for all the example analysis filter banks introduced in Section 1I-C by

choosing a large enoudty.

TABLE |

WORSTCASE RECONSTRUCTION ERROR NORM,;¢ FOR THE OPTIMAL SYNTHESIS FILTERS SHOWN INFIG. 9.

Type of analysis filters Jopt for even TDOA values J,,: for odd TDOA values
ordinary linear-phase FIR -70.4 dB -65.3dB
Bessel IR -54.6 dB less than -80 dB
Perfect Reconstruction linear-phase HIR less than -80 dB less than -80 dB

SNote thatE(e?*) depends on the actual TDOA. SB(e’“) might become singular for sonie even if H;(z) were originally

chosen to be perfect reconstruction.
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Fig. 9. Ho optimal synthesis filters designed for each pair of analysis filters intemtlincthe design examples of Section II-C.
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The right hand plot in each row shows the synthesis filté(s) used for even TDOA values while those on the left@éz) used
for odd TDOA values. (a) and (b): ordinary linear-phase FIR amalffiters, T,; = 27 samples. (c) and (d): Bessel IIR analysis

filters, Ty = 35 samples. (e) and (f) Perfect Reconstruction linear-phase FIRsaaséliers, 7, = 7 samples.
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V. PROCEDURE FOR DESIGNING MULTIRATE SENSOR ARRAYS

Based on the results presented in the previous sections, the followiregdpireds suggested for designing
multirate sensor arrays:
1. Choose a pair of filteré/y(z) and H;(z) such that their frequency response satisfy the symmetry
condition

/ (Ho(ea%)Hf(ej%)) y (Ho(ej(ﬁ—%))Hik(ej(w—g))>

required by Theorem 1.

2. Perform TDOA estimation experiments using the PHAT estimator

N

D = argmgX/COS (—Dg — (LPUOUI (ejw) — éHo(ej%)Hik(ej%))) dw

and see whether the results are consistent and accurate.

3. Choose @ ¢ [0,2) randomly. Then, choose a value for the tolerable overall d&jagnd use Algo-
rithm 1 to design the synthesis filtef(z), i = 1, 2, for the analysis filters selected in Step 1. Record
the worst-case reconstruction error gaj;.

4. Choose as many differed® e [0,2) as possible and repeat Step 3. If steps 2 or 3 do not produce

satisfactory results, then choose a different pair of analysis filters j1Séad repeat the procedure.

VI. CONCLUDING REMARKS

We studied the theory and design of multirate sensor arrays. We showebeHallowing are the fun-
damental problems involved: a) How to extend TDOA estimation techniques to rteikignals? and b)
How to design analysis and synthesis filters which allow signal fusion wiEDATis present? We posed
and solved these problems by reference to a simple model involving only tvworse We believe that our
work is novel in the sense that, to the best of our knowledge, it is the fiegtdess fusion of low-resolution
sensors in the presence of TDOA. It is, however, intended as an inigahth Important issues such as
robustness of the low-rate PHAT estimatbf-channel systems with/ > 2, and how to specify “the best
choice” for sensor filters are left for future research.

As Einstein has said it, “No fairer destiny could be allotted to any theory tharnttblaould itself point
out the way to introducing a more comprehensive theory in which it livessoa lamiting case.” Theory
of multirate sensors is an emerging research area. We hope our resotteytcthe way towards more

complete theories and help to give shape to this emerging field.
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APPENDIX |

PROOF OFTHEOREM1

Consider the diagram shown in Fig. 2. It is straightforward to verify thatdhtput signals(n)
andwv; (n) are jointly wide-sense stationary (see, for example, [31]). Thus, tesarorrelation function
Ry,v, (k) defined by

Rugo (k) £ E{vo(n)vr(n + k)} (21)

exists. The signalsy(n) andv; (n) are down-sampled versions ef(n) andz(n — D). Thatis,ug(n) =

xo(2n) andvi(n) = x1(2n — D). Thus we have

Ryyv, (k) = E{zo(2n)z1(2n + 2k — D)}

= Ryya, (2k — D). (22)

The above equation allows us to express the @SR, (e/*) of the low-rate signals in terms of the CSD

Py, (e7*) associated withg(n) andx (n):

. A .
onv1 (ejw) = Zl?;_oo Rvov1 (k)e_JWk
= Y02 o Ruge, (2k — D)e3k = LemI0% x

Proz (ej
Py, (¢

In the last step of the above derivations we used the following propefttidge aliscrete-time Fourier

(23)

—27

)+ Prye, (€72 ) D even
) = Ppyor (e7°27) D odd

NS

IS

transform:
F . z(2n) ; X(ej%HX(ej%)
z(n) = X (e*) = F 2 A
z(n—D) = e IwD X (ev)
It is straightforward to show that
Prox, <6jw) = W(ejw>Pm(ejw)a (24)

whereP,,(¢/“) is the power spectral density (PSD) of the input signal. It follows froB) éhd (24) that

_Dg+4(Pm(eﬂ%)W(ef%)+Pm(ejT)W(ej 2 )) D even
YW (e )) D odd

ZLPyg, (ejw) = ‘W ‘W .
~D% + £ (Poa(5)W (1) = Pry(el



The PSD of a real-valued WSS process is a real and positive functioequfency. Thusy Py, (e/“) = 0.

If the condition/TW (ei% ) = /W (e =) holds, we can simplify the above equation to get

—D¥% + LW (€

—D% + LW (e

wle

) D even

£Poguy () = iy y
o )—s—A(Pm(eji)‘W(ejf) ) D odd

w—2m

2)

In the above expression, the terms within the brackets are real. Thu$abe gontribution of the bracketed

w—27

— P (ef 2 )‘W(ej

vl

terms is either zero or.

APPENDIXII

PROOF OFTHEOREM 2

Consider the block diagram shown in Fig. 7. Whefm) € /5, the Fourier transform&;(e’~) and

Vi (/%) of the low-rate signals; (n) andv,(n) exist and can be expressed as

. 1 ) - w s w—27 s w—27
Vo) = S[Ho(@F)X (%) + Ho(e 77 )X (772 7)],

. 1 W - w - W s w—27 s w—27 s w—27
Vi(e?) = 5[e—wDﬂl(eﬂa)X(eﬂs)+e—JTZDﬂl(eﬂTQ)X(eﬂ 2]

The Fourier transform& (e/“) andU; (e?“) of the synthesized signalg (n) andu; (n) can be written as
Up(¢™) = Fo(e?)Vo(e’™),

Ul(ej“) = eijFl(ejw)Vl(eﬂ“’).

Finally, Y (e/«) = Uy(e/*) + Uy (e/*). Itis straightforward to combine the previous four equations and

express’ (/) in terms of thetrue spectrumX (e/*) and theimage spectrunX (e/("=+)) as follows
jw 1 jw jw 1 jw j(m—w)
V() = JA(E)X () + 5 B(e!) X (7)),
where

A(®) 2 [Fo(e™)Ho(e™) + Fi(e™) Hy(e™)],

4

B(el) [Fo(e7)Ho(e? ™)) 4 e7™P By (e7%) Hy (7).

A necessary condition for perfect reconstruction is that terms pertainithg image spectrun¥ (e/(7—+))
are completely eliminated in the output. Thatdge’“) = 0. Another necessary condition is thafe’)

becomes a non-zero constant. The condition ta¥“) = 0 is possible for all values oD € Z only if
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both Fy(e/*)Ho(e?(™=+)) = 0 and F} (e/*)H, (e (™)) = 0 for all w. To satisfy the latter condition, the
productsFy(e?“)Hy(e’*) and Fy (/) Hy(e/*) should not vanish simultaneously. Using logical notation

we can write these necessary conditions in the compact form:
Fo(e?*)Hp(e’*) =0 XOR Fi(e?*)Hy(e/*) =0 (25)
Fo(e")Hy(e'™™)) =0 AND Fy(e’*)Hy (/")) =0 (26)

LetD 2 [0 %) U(5 . Denote by the set of all frequencies if for which Fy (/) is identically zero and

define = I — Q. In other words, assume

Fo(e®) 20, weQ, (27)
Fo(e?) #0, we. (28)
It follows from (25) that the synthesis filter, (/) and F} (e’“) cannot vanish at the same frequencies.
They cannot be both nonzero at the same frequency either. Thenlisahat if they become nonzero at the
some frequencies, (26) will require thak (e/("=+)) and H, (¢/("=+)) both be zero at those frequencies.

This implies thatH(e?“) and H; (e?“) will vanish simultaneously and therefor contradicts (25). Thus, in

summary,F (e/“) should vanish wherever (¢/) is nonzero and vice versa:

Fl(ejw) 7& 07 w e Q7 (29)

Fi(e?) =0, weq. (30)
To satisfy (27)-(30) along with the original conditions in (25) and (26 further required that

Hi(e’*) #0 AND Hy (/") =0, weQ, (31)

Hy(e’*) #0 AND Hy(e!™ ) =0, we. (32)
The above conditions can be satisfied only if
weN=1-weQ AND weQ=71-weQ (33)

which is possible only if2 = [0

wola

) orQ = (5 «]. Thus, to satisfy (31) and (32) simultaneously it is required

thatQ =[0%),Q = (5 7]orQ=1[03%),Q = (% n] and that
Hy(e?*) =0, weQ, (34)
Hi(7) =0, we. (35)
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APPENDIXIII

PERFECT RECONSTRUCTION LINEARPHASE FILTER BANKS

In the following, we define the clasBy of perfect reconstruction linear-phase analysis filters used in
Example 4, Section 1I-C. Two-channel filter banks whose analysis farerboth linear-phase and FIR were
introduced by Nguyen and Vaidyanathan [32]. These authors caadideveral classes of such filters for
which the associated synthesis filter bank is FIR as well. Our presentatieishery brief and is intended

for completeness. The reader is referred to [32] and [5, Chapter dEtails.

Consider the two-channel analysis/synthesis filter bank shown in Figl @ssume thab is zero. Recall
that the analysis filterg{y(z) and H,(z) can be compactly represented by the transfer velate) 2
[Ho(z) H1(2)]" and that(z) can be factored ds(z) = E(zM)e(z). In this factorizationg(z) = [1 z~1]7
andE(z) is a type-1 polyphase matrix. The clg8s of two-channel analysis filter banks is defined as those
filter banks for which the following conditions are satisfied:

1. The filtersHy(z) and H(z) are of lengthV 2 2(K + 1), whereK € Z* is fixed. In other words,
E(z) is FIR of orderK.

2. The matriXE(z) has the factorization

where
1 0
D(z) 2 (37)
0 271
and
1 0
A2 0<i<K-—1,
0; 1
(38)
1 1
A2 i= K.
1 -1

One can verify that the above conditions result in analysis filter bankatiarh the impulse response
of one filter is symmetric while the impulse response of the other is anti-symmetrias, Hy(z) and
H(z) will have linear phase. Furthermore;,Ho(e/*) — ZHy(e/*)| = . The filters inPy allow perfect
reconstruction with an overall delay &f 4+ 1 samples. Perfect reconstruction is achieved by FIR synthesis

filters which are obtained by first constructing the adjoint polyphase matrix
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R(z) = AlC(2)ATC(2)...C(2)AL (39)
where

C(z) = . (40)
The synthesis filter$y (z) and F; (z) are then calculated from

[f0(2) £i(2)] =" REM). (41)

The filter banks in the clag8y are parameterized by tti€ free parameterd, to 65 ;. These parameters
may be optimized such that certain frequency response requiremengisfied or at least approximated.
The analysis filters introduced in Example 4, Section II-C, were chosea ito the clas$?;. The filters in
this class are parameterized by only one paran#igtefor the analysis filters introduced in Example 4, this
parameter was set @8.04. This particular value was obtained by minimizing the objective function

v o= / (1 — ‘Ho(ejw)‘)de—F/ |H0(ejw)|2dw
0

Wstop

+ /: (1—|H1(ejW)|)2dw—|—/owmss|H1(€J'W)|2dw (42)

stop
With wpess = 0.45m andwg, = 0.557. This objective function reflects the mean-square deviation of the
frequency responses of the filtetg (z) and H;(z) from ideal low-pass and high-pass responses, respec-

tively’.

"Making Ho(z) low-pass andH; (z) high-pass is a traditional design in filter bank literature. Whether this desigrahy

particular merit for sensor filter applications is not known.
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