Contents

1 Introduction ......... ... . .. ... .. 1
1.1 Multi-channel multirate signal measurement ................ 1
1.2 Multirate statistical signal processing ................ ... ... 17
1.3 Notation .........ooii i 23

2 Background .......... .. 25
2.1 Second-order theory of stationary stochastic processes........ 25

2.1.1 Definitions ......... .. 25
2.1.2 Properties of the autocorrelation sequence ............ 26
2.1.3 Defining the power spectrum........................ 26
2.1.4 Classification of random processes based on their
power spectral density ......... .. .. . . i L. 28
2.2 Statistical inference and information ............. ... ... .. 30
2.2.1 The Kullback-Leibler Divergence .................... 32
2.2.2  Kullback-Leibler divergence as a measure of distance
between two probability measures ................... 34
2.2.3 Kullback-Leibler divergence for stochastic processes.... 35
2.2.4 Entropy, mutual information and joint information .... 36
2.2.5 Information rate of WSS stochastic processes ......... 37
2.3 Theory of majorization......... ... .. .. .. 38
2.3.1 Definition and basic properties ...................... 38
2.3.2 Geometry of majorization ............... ... .. ...... 39
2.3.3 Algebraic properties of majorization ................. 40
2.4 Inverse problems, ill-posedness and Tikhonov’s theory of
regularization ........ .. .. L L 41
2.4.1 Tll-posed linear operator equations ................... 42
2.4.2 Tikhonov’s theory of regularization ............... ... 44

2.4.3 Other variations and results ........................ 45



Contents

Multirate Spectrum Estimation............................
3.1 Introduction .......... ... . . ..
3.2 Formulating the inference problem............... ... ... ...
3.3 The Maximum Entropy principle ......... .. ... .. .. .. ...
3.4 Solving Problem 2 ... .. ... .
3.5 On well-posedness of the Maximum Entropy solution.........
3.6 Practical considerations .......... ... .. ... ...

3.6.1 Non-admissible data ........... ... ... .. ... ... ...

3.6.2 Avoiding numerical integration in the MEIE Algorithm
3.7 Examples. ... ...

3.8 Discussion on the Maximum Entropy formalism .............
3.8.1 Methodological foundations.........................
3.8.2 Geometric interpretation ............ ... ... .. ... ...

3.9 Concluding remarks ......... ... i

Multirate Time Delay Estimation........................ ..

4.1 Introduction ............ ...t

4.2 Time-Delay Estimation in Multirate Sensor Arrays ..........
4.2.1 Introduction .......... ...
4.2.2 PHAT for low-rate signals ..........................
4.2.3 Choosing the sensor filters ........... ... ... ... ...
4.2.4 Multirate TDOA estimation experiments .............

4.3 Fusion of Low-rate Signals In The Presence Of Time Delay . ..

4.4 Designing The Synthesis Filters .......... .. ... .. .. .. ...
4.4.1 Synthesis filter bank design using H,, optimization . ...
4.4.2 FExample designs for the integer TDOA case ..........

4.5 Procedure for designing multirate sensor arrays .............

4.6 Concluding Remarks .. ..... ... ... .. . i i

4.7 Proof of Theorem 1....... ... . .. .. ..

4.8 Proof of Theorem 2. ... ... .. . .

4.9 Perfect reconstruction linear-phase filter banks ..............

Multirate Signal Estimation ................ ... .. .......

5.1 Introduction ......... .. ...

5.2 Problem Statement ............ ... .. .. i i

5.3 Statistics of the non-observable vector X and the
measurement vector V. ...
5.3.1 Statisticsof X ... ..
5.3.2 Statistics of V' ... ..
5.3.3 Joint statisticsof X and V' ..... ... .. ..o L

5.4 Estimating X given V' . ... ..

5.5 DISCUSSION . v vttt

5.6 Putting everything together........ ... .. ... .. .. ...

5.7 Concluding remarks ....... .. .. .. . . i i



Contents XI

Algebraic Theory of Scalable Multirate Systems ........... 123
6.1 Introduction .......... ... . . ... 123
6.2 FIR analysis and synthesis systems ........................ 126
6.2.1 Basic notions ............c.iiiiii i 126
6.2.2 Theclass £ ... .o e 127
6.3 Scalability in multirate systems ............. ... ... ....... 129
6.3.1 Ordering filter banks in class £ based on their scalability 130
6.3.2 Scalability and power distribution ................... 131
6.4 Embedding partial ordering of scalability in a total ordering .. 136
6.4.1 Schur-convex functions . .............. ... ... ....... 136
6.4.2 Characterization of Schur-convex functions ........... 137
6.4.3 Properties of SCy-optimal solutions ................. 139
6.4.4 An illustrative design example ............ ... ... ... 141
6.5 SC-Optimality and Subband Coding .................... ... 145
6.6 SC-Optimality and the Principal Component Filter Bank . . . .. 147
6.6.1 Definition of the PCFB ........ ... ... .. ... ... ... 147
6.6.2 PCFB is an upper bound for £...................... 149
6.6.3 Approximating PCFB using the filter banks in £ ...... 149
6.7 Concluding remarks ....... ... .. i 151
6.7.1 Algorithmic aspects of finding an SCg-optimal
element in £ and previous works .................... 151
6.7.2 Similarity with rate-distortion theory ................ 152
6.7.3 Extension to non-perfect-reconstruction filter banks. ... 153
6.7.4 Extension to tree-structured filter banks.............. 153
6.7.5 Scalability with respect to other error measures ....... 154
6.7.6 Scalability when an optimal synthesis system is used . .. 154
6.7.7 On partial ordering and subjectivity ................. 154
6.8 SUMMATY . . o oottt 155
Information Theory of Multirate Systems.................. 157
7.1 Introduction ......... ... ... 157
7.2 The information content of a low-rate measurement .......... 157
7.3 Measuring statistical information in practice ................ 164
7.4 Scalability in terms of information ............ ... ... ... .. 169
7.5 Concluding remarks and open problems .................... 170
Distributed Algorithms .......... ... ... ... ... ... ... ..... 173
8.1 Imtroduction ........ ... .. . 173
8.2  Spectrum estimation using sensor networks ................. 175
8.2.1 Background ........... .. .. 175
8.2.2 Mathematical formulation of the problem............. 177
8.3 Inverse and Ill-posed problems ............................ 179
8.3.1 Ill-posed linear operator equations ................... 180

8.3.2 Regularization methods for solving ill-posed linear
operator equations. ......... .. ... i i i 181



XII

Contents

8.4
8.5

8.6
8.7

Spectrum estimation using generalized projections ........... 183
Distributed algorithms for calculating generalized projection . . 186
8.5.1 The Ring Algorithm .......... ... ... ... . ..... 186
8.5.2 The Star Algorithm .......... ... . ... ... . ..... 191
Concluding remark . ...... ... .. i 194
Acknowledgements ............ ... 194



