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Abstract

In recent years, the widespread availability of embeddedessors and easily accessible wireless
networks have resulted in a new sensing concept based oeaorma large number of inexpensive and
small sensors in aensor networkln principle, a sensor network can be highly scalable, effsttive,
and robust with respect to individual sensor's failure. ldwer, there are important theoretical challenges
that must be overcome for sensor networks to become viable.

Due to the large and often ad-hoc nature of sensor netwdrkguld be a formidable challenge
to develop distributed information fusion algorithms vaith first developing a simple, yet rigorous and
flexible, mathematical model. The aim of this chapter is tooitluce one such model.

In our formulation, the fusion problem is converted into ieblem of finding a point in the inter-
section of finitely many convex sets. The key advantage sfftvimulation is that the solution can be
found using a series of projections onto the individual @nsets. These projections can be computed
locally at each sensor node thus allowing the computatiotsetdone simultaneously and in a highly
distributed fashion. We conclude the chapter by presersimglation examples that demonstrate our

proposed formulation.

Index Terms

Sensor networks, sensor fusion, ill-posed problems, aegaltion, spectrum estimation, convex

sets, distributed algorithms, parallel optimization

. INTRODUCTION

Sensors are vital means for scientists and engineers to observe ppjigicamena. They are used to
measure physical variables like temperature, pH, velocity, rotationalflaerate, pressure and many
others. Most modern sensors output a discrete-time (digitized) signakthmaticative of the physical
variable they measure. Those signals are often imported into digital sigmadgsing (DSP) hardware,
stored in files or plotted on a computer display for monitoring purposes.

In recent years there has been an emergence of a number of nengsemscepts which advocate
connecting a large number of inexpensive and small sensorsénsor networkThe trend to network
many sensors together has been reinforced by the widespread availafislityap embedded processors
and easily accessible wireless networks. The building blocks of a seaswork, often called “Motes”,
are self-contained, battery-powered computers that measure lightd,smmperature, humidity, and
other environmental variables (Fig. 1).

Motes can be deployed in large numbers providing enhanced spatio-tdegosing coverage in ways



Fig. 1. Awireless sensor node or “Mote” made by Crossbow Techgplog. in San Jose, California.

that are either prohibitively expensive or impossible using conventiemsiisg assets. For example, they
can allow monitoring of land, water, and air resources for environmentaltorong. They can also be
used to monitor borders for safety and security. In defence applicasensor networks can provide
enhanced battlefield situational awareness which can revolutionize a agyvof operations from
armored assault on open terrain to urban warfare. Sensor netwarksany potential applications in
biomedicine, factory automation and control of transportation systems as well.

In principle, a distributed network of sensors can be highly scalableeffestive, and robust with re-
spect to individual Mote’s failure. However, there are many technoddgigrdles that must be overcome
for sensor networks to become viable. For instance, Motes are inevitaidyrained in processing speed,
storage capacity, and communication bandwidth. Additionally, their lifetime isrd@ted by their ability
to conserve power. These constraints require new hardware desidm®vel network architectures.

Sensor networks raise non-trivial theoretical issues as well. For dgamgwy networking protocols
must be devised to allow the sensor nodes to spontaneously create an impnetwork, dynamically
adapt to device failure, manage movement of sensor nodes, and redenpes in task and network
requirements.

From a signal processing point of view, the main challenge is the distribugdnf of sensor data
across the network. This is because individual sensor nodes arerafteable to provide useful or
comprehensive information about the quantity under observation. Fomtine, the following constraints
must be considered while designing the information fusion algorithm:

a. Each sensor node is likely to have limited power and bandwidth capabiliti@srimgnicate with

other devices. Therefore, any distributed computation on the sensasrkatwist be very efficient



in utilizing the limited power and bandwidth budget of the sensor devices.

b. Due to the variable environmental conditions in which sensor devices magfloyed, one can
expect a fraction of the sensor nodes to be malfunctioning. Therdf@ajnderlying distributed
algorithms must be robust with respect to device failures.

Due to the large and often ad-hoc nature of sensor networks, it wouddftienidable challenge to
develop distributed information fusion algorithms without first developing a lgimyet rigorous and
flexible, mathematical model. The aim of this chapter is to introduce one suchH.mode

We advocate that information fusion in sensor networks should be viegvadpeoblem of finding a
“solution point” in the intersection of some “feasibility sets”. The key advaaaighis viewpoint is that
the solution can be found using a series of projections onto the individtel $he projections can be
computed locally at each sensor node allowing the fusion process to berdaparallel and distributed
fashion.

To maintain clarity and simplicity, we will focus on solving a benchmark signatgssing problem
(spectrum estimation) using sensor networks. However, the fusionitalgerthat result from our for-
mulations are very general and can be used to solve other sensornsigy@l processing problems as

well.

Notation: Vectors are denoted by capital letters. Boldface capital letters are aisathfrices. Elements

of a matrix A are referred to afA};;. We denote the set of real/-tuples byR and use the notation

R for positive real numbers. The expected value of a random variaisldenoted by~ {x}. The linear
convolution operator is denoted By The spaces of Lebesgue-measurable functions are represented by

L!(a,b), L?(a,b), etc. The end of an example is indicated using the synjbol

Il. SPECTRUM ESTIMATION USING SENSOR NETWORKS
A. Background

Spectrum estimation is concerned with determining the distribution in frequenitye gower of a
random process. Questions such as “Does most of the power of tred sigide at low or high fre-
guencies?” or “Are there resonance peaks in the spectrum?” areasfevered as a result of a spectral
analysis. Spectral analysis finds frequent and extensive use in meas/& physical sciences. Examples
abound in oceanography, electrical engineering, geophysicsnastyoand hydrology.

Letz(n) denote a zero-mean Gaussian wide-sense stationary (WSS) randmarib is well-known



that a complete statistical description of such a process is provideddtdsorrelation sequend@CS)
A
R, (k) = E{z(n)z(n+ k)}

or, equivalently, by itpower spectrunalso known apower spectral densitfPSD)

Po(e’) = > Ra(k)e 7.

k=—00
The autocorrelation sequence is a time-domain description of the secomdstaitistics of a random
process. The power spectrum provides a frequency domain descrgbtioe same statistics.

An issue of practical importance is howéstimatethe power spectrum of a time series given a finite-
length data record. This is not a trivial problem as reflected in a bewilgleniray of power spectrum
estimation procedures, with each procedure claimed to have or show sdimeimpproperty. The

reader is referred to the excellent texts [3], [4], [5] and [6] forlgsia of empirical spectrum estimation
methods.
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Fig. 2. A sensor network monitoring a stationary sound source in room.

1The controversy is rooted in the fact that power spectrum is a probabijiséintity and probabilistic quantities cannot be
constructed using finite-size sample records. Indeed, neither theabgdhreory [1] nor the frequency theory [2] of probability

specifies a constructive way for building probability measures fromgapsamples.



Consider the basic scenario where a sound source (a speaker) isngebiiyoa collection of Motes
put at various known locations in a room (Fig. 2). Because of revatioa, noise and other artifacts, the
signal arriving at each Mote location is different. The Motes (which ttre the sensor nodes in our
network) are equipped with microphones, sampling devices, sufficiemalgigocessing hardware and
some communication means. Each Mote can process its observed data, contie sgme statistical
inference about it and share the result with other nodes in the netwawever, to save energy and
communication bandwidth, thielotes are not allowed to share their raw observed data with each
other.

Now, how should the network operate so that an estimate of the powergpeaftthe sound source
consistent with the observations made by all Motes is obtained? We’'ll pravidaswer to this questions

in the sections that follofv

B. Mathematical formulation of the problem

Let z(n) denote a discrete version of the signal produced by the source amdedisat it is a zero-
mean Gaussian wide-sense stationary (WSS) random process. THmgdraguencyf; associated with

x(n) is arbitrary and depends on the frequency resolution desired in thelgpesstimation process.

Xi (n) v; (n)
HI(Z) -------

speech ‘
source |

Fig. 3. The relation between the signa(n) produced by the front end of thh sensor and the original source signéh).

We denote by);(n) the signal produced at the front end of title sensor node. We assume thgt)
are related to the original source signgh) by the model shown in Fig. 3. The linear filtéf;(z) in

2The problem of estimating the power spectrum of a random signal whesighal itself is not available but some measured
signals derived from it are observable has been studied in [7]. Tiv@agh developed in [7], however, leads to a centralized

fusion algorithm which is not suited to sensor network applications.



this figure models the combined effect of room reverberations, micrahfnequency response and an
additional filter which the system designer might want to include. The deciralatck which follows the
filer represents the (potential) difference between the sampling fregyeassociated with:(n) and the
actual sampling frequency of the Mote’s sampling device. Here, it is agbtiratthe sampling frequency
associated with;(n) is fs/N; whereN; is a fixed natural number.

It is straightforward to show that the signa(n) in Fig. 3 is also a WSS processes. The autocorrelation

coefficientsR,, (k) associated withy;(n) are given by
Rvi(k’) = er(Nzk) (1)
where
Rzz(k) = (hz(k) * hl(_k)) * Rx(k)a (2

andh;(k) denotes the impulse responseff(z). We can expres®,, (k) as a function of the source
signal's power spectrum as well. To do this, we definé¢z) 2 H;(2)H;(2~!) and then use it to write

(2) in the frequency domain:

Ro(k) = 5o [ PG 3)
™ —T
Combining (1) and (3), we then get
Roll) = o= [ PuUEGH) @
™ —T

The above formula shows that,(e’“) uniquely specifies?,, (k) for all values ofk. However, the
reverse is not true. That is, in general, knowiRg (k) for some or all values of is not sufficient for
characterizing?, (¢’“) uniquely.

Recall that;(n) is a WSS signal so all the statistical information that can be gained about itfiaed
in its autocorrelation coefficients. One might use the signal processidgvaee available at each sensor
node and estimate the autocorrelation coefficiéhitgk) for somek, say0 < k < L — 1. Now, we may

pose the sensor network spectrum estimation problem as follows:

Problem 1 Let Q; ; denote the set of all power spectra which are consistent witktthautocorrelation



coefficientR,, (k) estimated at théth sensor node. That i), (e’“) € Q, , if

1 [T . o
= P()Gi(e) Mgy = R, (k)
27 J_,
Px(ejw> >0,

P, (e’) = P,(e77%),

P.(e'%) € LY (=7, 7).

DefineQ 2 NN, NEZL Qi where N is the number of nodes in the network ahds the number of

autocorrelation coefficients estimated at each node. Fik @’) in Q.

If we ignore measurement imperfections and assume that the observedreeltdion coefficients
R,, (k) are exact, then the seg ;, are non-empty and admit a non-empty intersectidas well. In this
caseQ contains infinitely manyP,(e’“). When the measurementgn) are contaminated by noise or
R,, (k) are estimated based on finite-length data records, the intersecti@msight be empty due to the
potential inconsistency of the autocorrelation coefficients estimated byatitfeensors. Thus, Problem 1
has either no solution or infinitely many solutions. Problem which have sudbsinable properties are

calledill-posed lll-posed problems are studied in the next section.

[11. I NVERSE ANDILL-POSED PROBLEMS

The study of inverse problems has been one of the fastest-growing iaragplied mathematics in
the last two decades. This growth has largely been driven by the néegplaations in both natural
sciences (e.g. inverse scattering theory, astronomical image restonatigiadistical learning theory)
and industry (e.g. computerized tomography, remote sensing). The ieaeferred to [8], [9], [10] and
[11] for detailed treatments of the theory of ill-posed problems and to [1@][&B] for applications in
inverse scattering and statistical inference, respectively.

Be definition, inverse problems are concerned with determining causesdesired or an observed
effect. Most often, inverse problems are much more difficult to deal withm{fa mathematical point of
view) than their direct counterparts. This is because they might not hewkition in the strict sense or
solutions might not be unique or depend on data continuously. Mathematiddaéms having such un-
desirable properties are call#idposed problemsind cause severe numerical difficulties (mostly because
of the discontinuous dependence of solutions on the data).

Formally, a problem of mathematical physics is calledl-posedrwell-posed in the sense of Hadamard

if it fulfills the following conditions:



1. For all admissible data, a solution exists.

2. For all admissible data, the solution is unique.
3. The solution depends continuously on the data.

A problem for which one or more of the above conditions are violated is cdipdsed Note that
the conditions mentioned above do not make a precise definition for weltipess. To make a precise
definition in a concrete situation, one has to specify the notion of a solutionhwiata are considered
admissible, and which topology is used for measuring continuity.

The study of concrete ill-posed problems often involves the question “bAovece enforce uniqueness
by additional information or assumptions?” Not much can be said about thigeneral context. How-
ever, the aspect of lack of stability and its restoration by appropriate netrmvn agegularization
methodscan be treated in sufficient generality. The theory of regularization isdes#loped for linear

inverse problems and will be introduced, very briefly, in the next sulmsec

A. lll-posed linear operator equations
Let the linear operator equation

Az =y (5)

be defined by the continuous operatbithat maps the elementsof a metric space; into elements

y of the metric spacé,. In the early 1900s, noted French mathematician Jacques Hadamardeobser
that under some (very general) circumstances the problem of solvingoirator equation (5) is ill-
posed. This is because, even if there exists a unique solutienf; that satisfies the equality (5), a
small deviation on the right-hand side can cause large deviations in the sollitieriollowing example

illustrates this issue.

Example 1l Let A denote a Fredholm integral operator of the first kind. Thus, we define

b
(Az)(s) 2 / K (s, t)z(t)dt. (6)

The kernelK (s, t) is continuous ofa b] x [a b] and maps a functiom(¢) continuous orja b] to a function

y(s) also continuous oifu b]. We observe that the continuous function
A [P
Jw(s) = / K (s,t)sin(wt)dt, (7
which is formed by means of the kerdé(s, ¢), possesses the property

lim g,(s) =0, for every s € [a,b]. (8)

w—00



The above property is a consequence of the fact that the Fourier seedficients of a continuous function
tend to zero at high frequencies. See, for example, [14, Chapter ¢doi$§. Now, consider the integral
equation

Az =y + 9o, )

wherey is given andy,, is defined in (7). Since the above equation is linear, it follows using (7) that its
solutionz(t) has the form

Z(t) = z*(t) + sin(wt), (10)

wherez*(t) is a solution to the original integral equatiodz = y. For sufficiently largew, the right
hand side of (9) differs from the right hand side of (5) only bystmallamountg,,(s), while its solution
differs from that of (5) by the amousith(wt). Thus, the problem of solving (5) whe#eis a Fredholm

integral operator of the first kind is ill-posed. &

One can easily verify that the problem of solving the operator equatios €juivalent to finding an

element:* € &; such that the functional
A
R(z) = [[Az — ylle, (11)

is minimized. Note that the minimizing element < £, always exists even when the original equation
(5) doesn't have a solution. In any case, if the right-hand side of f&tiexact, that is, if we replaggby

ys such that|y — ys||s, < d whered is a small value, a new elemery € £; will minimize the functional
AN
Rs(z) = || Az — ysle,- (12)

However, the new solutiom; is not necessarily close to the first solutisheven if o tends to zero. In

other wordslims_,q ||z* — x5||¢, # 0 when the operator equatiot: = y is ill-posed.

B. Regularization methods for solving ill-posed linear operator equations

Hadamard [15] thought that ill-posed problems are a pure mathematicalipleeon and that all real-
life problems are well-posed. However, in the second half of the 20thigeataumber of very important
real-life problems were found to be ill-posed. In particular, as we justidisad, ill-posed problems arise
when one tries to reverse the cause-effect relations to find unknowge€drom know consequences.

3To save in notation, we writga — b||s to denote thelistancebetween the two elemenisb € £ whether the metric space
is a normed space or not. §fis a normed space too, our notation is self-evident. Otherwise, it shoutddspreted only as a

symbolfor the distance betweenandb.
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Even if the cause-effect relationship forms a one-to-one mapping, threpn of inverting it can be ill-
posed. The discovery of variovsgularization methodby Tikhonov, Ivanov and Phillips in the early 60s
made it possible to construct a sequenceeli-posed solutionthat converges to the desired one.
Regularization theory was one of the first signs of existenctefligent inference It demonstrated
that whereas the “self-evident” methods of solving an operator equatiant mag work, the “non-self-
evident” methods of regularization theory do. The influence of the philosopeated by the theory of
regularization is very deep. Both the regularization philosophy and theamization techniques became
widely disseminated in many areas of science and engineering [10], [11].

Tikhonov’'s method: In the early 60s, it was discovered by A. N. Tikhonov [16], [17] thatpdtead

of the functionalRs(z) one minimizes
A
Rreg(r) = [|Az — yslle, + £(6)S(x), (13)

where S(z) is a stabilizing functional(that belongs to a certain class of functionals) #id) is an
appropriately chosen constant (whose value depends amotkelevel §), then one obtains a sequence
of solutionszs that converges to the desired onejdends to zero. For the above result to be valid, it is
required that

1. the problem of minimizing,.,(x) be well-posed for fixed values 6fand{(4), and

2. %1_% |lz* — zs|le, — 0 when{(6) is chosen appropriately.

Consider a real-valued lower semi-continubfisictional S(z). We shall callS(z) astabilizing func-
tional if it possesses the following properties:

1. The solution of the operator equatiotx = y belongs to the domain of definitioR(S) of the
functionalS.

2. S(z) >0, VaeD(S).

3. Thelevel set§z : S(x) < ¢}, ¢ = const., are all compact.

It turns out that the above conditions are sufficient for the problem oimi@ng R, (x) to be well-
posed [8, Page 51]. Now, the important remaining problem is to determineiticédnal relationship
betweens and£(6) such that the sequence of solutions obtained by minimizing (13) converdles to
solution of (11) as) tends to zero. The following theorem establishes sufficient conditionsicim &
relationship:

A function f : RY — [—oo0, 00] is called lower semi-continuous &t € RY if for any ¢ < f(X) there exist$ > 0 such
that for ally € B(X, ), t < 6. The notation3(X, ¢) represents a ball with centre_&tand radiug. This definition generalizes

to functional spaces by using the appropriate metric in defiffi§, §).

11



Theorem 1 [13, Page 55] Let; and &, be two metric spaces and ldt: £ — &, be a continuous and
one-to-one operator. Suppose that fore & there exists a solutiom € D(S) C & to the operator
equationAz = y. Letys be an element id, such that|y — ys||e, < 4. If the paramete£(d) is chosen
such that

() &) —; 0 whens — 0,

, )

(i) }13% ?6) < 00,

Then the elements; € D(.S) minimizing the functional
Ryeg(z) = [|Az — yslle, + £(6)5(x)
converge to the exact solutianasy — 0.

If £1 is a Hilbert space, the stabilizing function®z) may simply be chosen ds:||?, which, indeed,
is the original choice made by Tikhonov. In this case, the level sef$.0f will only be weakly compact.
However, the convergence of the regularized solutions will be a stroagroview of the properties of
Hilbert spaces. The conditions imposed on the paranjéi¢rare, nevertheless, more stringent than those
stated in the above theorém

TheResidual Method: The results presented above are fundamentals in Tikhonov's thecasguar-
ization. Tikhonov's theory, however, is only one of several prodasdtemes for solving ill-posed prob-
lems. An important variation known as Residual Method was introduced iypBH18]. In Phillips’s

method one minimize the functional

subject to the constraint
Az — ysle, < p
wherey is a fixed constant. The stabilizing functiorfélz) is defined as in the previous subsection.

The Quasi-solution Method: The Quasi-solution Method was developed by Ivanov [19], [20]. i th

method, one minimizes the functional
A
Ri(z) = [[Az — ys]|s,

subject to the constraint
S(x) <o

®In this caseg(6) should converge to zemtrictly slowerthans?. In more precise term&ms o % = 0 must hold.

12



whereo is a fixed constant. Again, the stabilizing functiosdl:) is defined as in Tikhonov’s method.

Note that the three regularization methods mentioned above contain onafa@egierd in Tikhonov’s
method,. for Phillips’ method and in Ivanov’s method). It has been shown [21] that these methods are
all equivalent in the sense that if one of the methods (say Phillips’) forengialue of its parameter (say
w*) produces a solution*, then there exist corresponding values of parameters of the other twodseth
that produce the same solution. We remark in passing that a smart choiesficfdtparameter is crucial
in obtaining a good (fast converging) solution using any of the regulisizanethods mentioned above.
There exist several principles for choosing the free parameter intanaigashion [10, Section 4.3], [11,

Chapter 2].

IV. SPECTRUM ESTIMATION USING GENERALIZED PROJECTIONS

The sensor network spectrum estimation problem (Problem 1) posed tiorBdeB is essentially
finding a P(e’“) in the intersection of the feasible sads ;.. Itis easy to verify that the setg; ;, are
closed and convex [7]. The problem of finding a point in the intersectidimitely many closed convex
sets is known as theonvex feasibility problerand is an active area of research in applied mathematics.

An elegant way to solve a convex feasibility problem is to employ a serigemdralized projections
[22]. A generalized projection is essentially a regularization method wighneralized distancserving
as the stabilizing functional. A great advantage of using the generalingecpons formulation is that
the solutionP* € Q can be found using a series of projections onto the intermediat&sgtsThese
intermediate projections can be computed locally at each sensor node thviagtloe computations to
be done simultaneously and in a highly distributed fashion.

A generalized distance is a real-valued non-negative function of twoneariableD(X,Y") defined
in a specific way such that it's value may represent the distance betWesrdY in some generalized
sense. When defining generalized distances, it is customary not toe#tggisymmetry condition. Thus,
D(X,Y) may not be the same d3(Y, X'). Moreover, we do not insist on the triangle inequality that a

traditional metric must obey either.

13



Example2 Let Py (e’“) > 0 and P»(e/*) > 0 be two power spectra ih!(—r, 7). The functions

Di(P,P) = / (P — Py)? duw,

—T

m P
Dy(Py, Py) = / <P1 1nF; +P— P1> dw,

—T

T (P P
Ds(Py, Py) = / (é—lné—l)dw,

can be used to measure the generalized distance betiRiéetr’) and P»(e’“). These functions are non-
negative and become zero if and onlyif = P,. Note thatD, is simply the Euclidean distance between
P, and P,. The functiond), and D3 have roots in information theory and statistics. They are known as

the Kullback-Leibler divergence and Burg cross entropy, respectively &

By using a suitable generalized distance, we can convert our origimsbiseetwork spectrum estima-

tion problem (Problem 1) into the following minimization problem:
Problem 2 Let Q be defined as in Problem 1. Finf* (¢/) in Q such that
P* = in D(P, P, 14
arg min (P, Py), (14)
wherePy(e’%) is an arbitrary power spectrum, sa(e/“) = 1, -7 < w < 7.

When a uniqueP* exists, it is called thejeneralized projectioof Py onto © [23]. In general, a
projection of a given point onto a convex set is defined as anotherywhbinh has two properties: First,
it belongs to the set onto which the projection operation is performed acohdegit renders a minimal
value to the distance between the given point and any point of the setfFig.

If the Euclidean distancgX — Y'|| is used in this context then the projection is called a metric pro-
jection. In some cases, such as the spectrum estimation problem considezei turns out to be very
useful to introduce more general means to measure the “distance” bdtweeactors. The main reason
is that the functional form of the solution will depend on the choice of the mlistaneasure used in the
projection. Often, a functional form which is easy to manipulate or interfioetinstance, a rational
function) can not be obtained using the conventional Euclidean metric.

It can be shown that the distancBs and D, in Example 2 lead to well-posed solutions Bf. The

choice D3 will lead to a unique solution given that ceratin singular power spectraxatedzd from the

14



IIX-Y]| D(X.Y)

(a) (b)
Fig. 4. Symbolic depiction of metric projection (a) and generalized proje¢hipof a vectorY” into a closed convex s&. In
(a) the projectionX * is selected by minimizing the metricX — Y'|| over all X € Q while in (b) X ™ is found by minimizing

the generalized distande(X, Y') over the same set.

space of valid solutions [24]. It is not known whethis will lead to a stable solution. As a result, the

well-posedness of Problem 2 whén is used is not yet establisted

V. DISTRIBUTED ALGORITHMS FOR CALCULATING GENERALIZED PROJETION

As we mentioned before, a very interesting aspect of the generalizgdtiwas formulation is that the
solutionP* € Q can be found using a series of projections onto the intermediat@sgtdn this section,
we first calculate the generalized projection of a given power spectriontioe setg); ;, for the sample
distance functions introduced in Example 2. Then, we propose a distriglgiedthm for calculating the
final solutionP* from these intermediate projections.

Let Pip,~0, ;D] denote the power spectrum resulting from projecting a given powetrsped’;
onto the set; ;. using a given distance functiods;. That is,

Pipig,ep,) = arg min Dj(P, Py). (15)
€9k

5Well-posedness of the minimization problem (14) wHeris the Kullback-Leibler divergenc®, has been established in
several works including [25], [26], [27], [28] and [29]. Well-petiness results exist for certain classes of generalized distance
functions as well [29], [30]. Unfortunately, the Burg cross entrdpy does not belong to any of these classes. While Burg
cross entropy lacks theoretical support as a regularizing functiorresibeen used successfully to resolve ill-posed problems
in several applications including spectral estimation and image restoragenfor example, [31] and references therein). The
desirable feature of Burg cross entropy in the context of spectrumaggiimis that its minimization (subject to linear constraints

P} (e%) € Q) leads to rational power spectra.

15



Using standard techniques from calculus of variations we can show thgetieralized distancés;, D-

andDs introduced in Example 2 result in projections of the form

Plpi0; 501 = Pi(e7%) — aGy(e7¥) cos(Mkw),
Plpig; 500 = Py (e7%) exp (—BG;i(e7*) cos(Mkw)) ,

Pipg, iy = (PL(e7) ™1+ 7Gi(e7) cos(Mkw)) ™

whereq, 8 and~y are parameters (Lagrange multipliers). These parameter should be cluebethat in

each casé’p, .o, ,;p;] € Qik- Thatis,

1 ™ . .
5 | Piegun, Gile’)e M dw = Ry, (k). (16)

—T

The reader may observe that the above equation leads to a closedefonud for o but in general
finding 5 and~ requires numerical methods. The projection formulae developed abo\wecmployed
in a variety of iterative algorithms to fined a solution in the intersectio@of. We discuss two example

algorithms below.

A. The Ring Algorithm

Ring Algorithm is a very simple algorithm: it starts with an initial gueggsfor P,.(e/*) and then
calculates a series of successive projections onto the constraigl;setShen, it takes the last projection,
now calledP"), and projects it back onto the first constraint set. Continuing this prac#isgenerates
a sequence of solutiod3®), P(), P, ... which will eventually converge to a solutid* € (), ,, Qi x
[22]. Steps of the Ring Algorithm are summarized in the text box below. Ahlgcaprepresentation of

this algorithm is shown in Fig. 5.

Example 3 Consider a simple 4-sensor network similar to the one shown in Fig. 5. idessiat the
down-sampling ratio in each Mote is equal to 4. Thig, = Ny = No = N3 = 4. Assume, further,
that the transfer functionsly(z) to Hs(z) which relate the Motes’ front-end outpui(n) to the original

source signal:(n) are given as follows:

0.0753 4+ 0.16562"1 + 0.20532~2 4 0.165923 + 0.07512~*

Holz) —
O(Z) 1.0000 — 0.88772z~1 + 0.67382=2 — 0.12062=3 + 0.0225z—4
Hi(2) = 0.4652 — 0.1254271 — 0.3151272 + 0.09752~3 — 0.0259z %
! " 1.0000 — 0.68552—1 + 0.32972—2 — 0.03092—3 + 0.00322—4
0.3732 — 0.86482~1 + 0.7139272 — 0.18562~3 — 0.0015z 4

Hy(z) =

1.0000 — 0.5800z~1 4 0.5292z72 — 0.0163z~3 4+ 0.0107z*
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The Ring Algorithm

Input: A distance function D;(P;, P,), an initial power spectrum Py(e’“), the squared
sensor frequency responses G;(e/“), and the autocorrelation estimates R, (k) for k =
0,1,---,L—1andi=1,2,--- ,N.
Output: A power spectrum P*(e/%).
Procedure:
1. Letm=0,i=1and P("™ = R,
2. Send P(™ to the ith sensor node.
At the ith sensor:
() Letk = 0 and define P, = P(™),
(i) Calculate Py = P\ .o ,.p,fork=12--- L1
(i) If D(Pp_1,Py) > e then let Py = P;_; and go back to item (ii). Otherwise, let
i =14+ 1and go to Step 3.
3. If (i mod N) = 1 then set m = m + 1 and reset i to 1. Otherwise, set P(") = P;_,
and go back to Step 2.
4. Define P = Pp_,. If D(PU™ P(m=1)) > ¢ go back to Step 2. Otherwise output
P* = P(™) and stop.

~0.1931 — 0.42262~! +0.36682~2 — 0.09742~% — 0.04052~*
~ 1.0000 + 0.28142~1 + 0.37392~2 + 0.03452—3 — 0.01962—*

The above transfer functions were chosen to show typical low-pasd;ess and high-pass char-
acteristics (Fig. 6) They were obtained using standard filter design teabrigThe input signal whose
power spectrum is to be estimated was chosen to have a smooth low-passisp. We used the Ring
Algorithm with L = 4 and the Euclidean metri©, as the distance function to estimate the input signal’s
spectrum. The results are shown in (Fig. 7). As seen in this figure, tethlgn converges to a solution

which is in this case almost identical to the actual input spectrum in less thamnoldds. O

17



Input P™Mjoy

\,
\
RN

\
\
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
i

/

\\\ .
“feasible sets Qi

Fig. 5. Graphical depiction of the Ring Algorithm. For illustrative reasamy three feasible set9, . are shown in the
inside picture. Also, it's shown that the output spectrii®) (e’*) is obtained from the inpuP™ (e’“’) only after three
projections. In practice, each sensor node h&sasible sets and has to repeat the sequence of projections many thoresitbe

can successfully project the inpgt™ (e?*) into the intersection of its feasible sets.
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Fig. 6.  Frequency response amplitude of the transfer functions usegaimple 3. The curves show, from left to right,
|Ho(e?)], [H1(e’)], |Ha(e’)| and|Hs ().
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Ring algorithm convergence results. In each figure, the dashed shows the source signal’s actual power spectrum

while the solid curve is the estimate obtained by the Ring Algorithm afteounds. A “round” means projections have been

passed through all the nodes in the network.
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B. The Star Algorithm

The Ring Algorithm is completely decentralized. However, it will not coneeig a solution if the
feasible setg); ; do not have an intersection (which can happen due to measurement arose) or
more sensors in the network are faulty. The Star Algorithm is an alternaswebdted algorithm for
fusing individual sensors’ data. It combines successive projectiotsQ; , with a kind of averaging
operation to generate a sequence of solutiBff®). This sequence will eventually converge to a solution
P* €[, Qi if one exists. The Star Algorithm is fully parallel and hence much faster tteaRitig Al-
gorithm. It provides some degree of robustness to individual nod&sdaas well. However, it includes
a centralized step which needs to be accommodated for when the systentsknptatocol is being
designed. Steps of the Star Algorithm are summarized in the text box belovaphigal representation

of this algorithm is shown in Fig. 8.

The Star Algorithm

Input: A distance function D; (P, P), an initial power spectrum Py(e’*), the squared sen-
sor frequency responses G;(e?“), and the autocorrelation estimates R,, (k).
Output: A power spectrum P*(e/%).
Procedure:
1. Letm =0and PO = P,.
2. Send P(™ to all sensor nodes.
At the ith sensor:
() Letn = 0 and define P(") = p(m),
(i) Calculate P, = Ppwo, ,.p, forall k.
(i) Calculate P+ = argminp 3, D(P, Py).
(iv) If D(P("+D) P(M) > ¢ go to item (i) and repeat. Otherwise, define P\ =
P(+1) and send it to the central unit.
2. Receive P\ from all sensor and calculate P(™+1) = argminp 3=, D(P, P{™).

3. If (P, p(m)) > ¢ go to step 2 and repeat. Otherwise stop and output P* =
pm+1),

Example 4 Consider a simple 5-sensor network similar to the one shown in Fig. 8. messiiat the
down-sampling ratio in each Mote is equal to 4. Thus, ag&ip,= Ny = No = N3 = 4. Assume,
further, that the transfer function&y(z) to Hs(z) which relate the Motes’ front-end outpuf(n) to

the original source signak(n) are the same as those introduced in Example 3. We simulated the Star
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Algorithm with L = 4 and the Euclidean metri©; as the distance function to estimate the input signal’s
spectrum. The results are shown in (Fig. 9). Like the Ring Algorithm, theA8iarithm also converges

to a solution which is almost identical to the actual input spectrum in less th@mdlhds. &

\
\
I

speech ‘
source |

Fig. 8. The Star Algorithm. Again, only three feasible s@ts, are shown in the inside picture. In practice, each sensor
node has to repeat the sequence of projections and averaging masypéifoee it can successfully project the ingit”™ (e%)
supplied by the central node into the intersection of its feasible sets. Tfex{ioa result, which is called>i<m>(ej“) is sent
back to the central node. The central node then averages aﬁi(fﬁé(ej“) it has received and averages them to produce

P+ (39) This is sent back to the individual nodes and the process repeats.
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Fig. 9. Star algorithm results.
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VI. CONCLUDING REMARK

In this chapter we considered the problem of fusing the statistical informgéimed by a distributed
network of sensors. We provided a rigorous mathematical model for thtdgm where the solution
is obtained by finding a point in the intersection of finitely many closed coneex S\e investigated
distributed optimization algorithms to solve the problem without exchanging thelvaerved data among
the sensors.

The information fusion theory presented in this chapter is by no means comyiaty issues regard-
ing both the performance an implementation of the two algorithms we introducddambe investigated.
Other algorithms for solving the problem of finding the solution in the intersecfitime feasible sets are
possible as well. We hope that our results point out the way towards monglet® theories and help to
give shape to the emerging field of sensor processing for sensormestwo

MATLAB codes implementing the algorithms mentioned in this chapter are maintainate at

www. mul tirate. org.
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